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The following program was presented: 


1. “On the transformation of certain curves into straight lines, using only 
the straight edge,” by Professor L. E. Gurney, University of Southern Cali- 
fornia, by invitation. 

2. “The work of the new international commission on the teaching of mathe- 
matics,” by Professor E. R. Hedrick, University of California at Los Angeles. 


3. “An invariant class of m functionals under the group of general linear 
functional transformations,” by Mr. T. S. Peterson, California Institute of 
Technology. 

4. “Success in mathematics as conditioned by the method of work,” by 
Professor F. C. Touton, University of Southern California. 


Abstracts of these papers follow: 


1. This paper presented a construction using only the straight edge and a 
given length, which transformed the curve y=aix"+ --- +@,x+@,_1 into a 
curve of degree n—1. By repeated applications, the curve was transformed into 
a straight line. Other curves can be transformed into straight lines by first 
applying a projective transformation. The construction was used to solve 
problems of mapping and curve fitting. The illustrations were presented by 
large well-constructed drawings and an interesting mechanical device. 

2. Professor Hedrick reviewed the work of the original international com- 
mission on the teaching of mathematics, and explained the problem of the new 
commission, whose main task is with reference to the teaching of secondary 
mathematics. Interpreted properly, this involves the requirements for teaching 
mathematics in junior colleges and most colleges, since a great deal of such work 
is secondary according to international standards. Professor Hedrick indicated 
some of the difficulties of the commission and some of the anomalies peculiar 
to the State of California. 


3. In an earlier paper (American Journal of Mathematics, vol. 51 (1929)) 
the author has indicated a particular invariant class of m functionals (n=1, 2, 
3, 4), namely, the so-called resolvents of a quadratic functional form. It is the 
purpose of this note to generalize and demonstrate the truth of the proposition 
in all its generality. 

4. Professor Touton urged that in teaching mathematics, we give more 
attention to the thought processes and less to formal well-ordered proofs. Our 
purpose should be to guide thinking in new fields rather than listening to the 
presentation of the finished product. Verbal problems in algebra afford an 
illustration. Here we are liable to inject the unknown too quickly into the 
problem, while what is needed most, is really a short hand expression of all 
the situations that arise. The solving of originals in geometry presents a second 
illustration. A genetic proof, showing the thought processes, is more important 
than the finished product, if success in mathematics is to be measured by the 
ability of the student to think. 

P. H. Daus, Secretary 
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PRESENT TENDENCIES IN PROJECTIVE GEOMETRY 
By ERNEST P. LANE, University of Chicago 


1. Introduction. The aim of this address is to convey in a short period of 
time some impression of the present tendencies in projective geometry. It 
seems that this purpose can be most effectively accomplished by contrasting, 
first of all, the comparative youth of projective geometry with the greater 
age and antiquity of the classical metric geometry. Then the development of 
synthetic and analytic projective geometry in the last century will be briefly 
surveyed. The rise of projective differential geometry will be described, and 
the present status of this science considered. Finally, some conclusions will be 
drawn as to the present tendencies, and the probable course of future develop- 
ment, of projective geometry. 

2. Origin of projective geometry. Metric geometry, which studies those 
properties of figures that are invariant under motion of the figures, is one of 
the oldest of all the sciences. We have had it handed down to us that this 
geometry originated in Egypt, and that it was introduced into Greece by 
Thales of Miletus (600 B.c.). However historically accurate this tradition may 
prove to be, the fundamental ideas involved are sufficiently correct to indicate 
the antiquity of this kind of geometry. In Greece, and again in Egypt at 
Alexandria, the ancient geometry flourished more or less for about 1000 years. 
In this time lived such illustrious men as Thales of Miletus, Pythagoras (500 
B.c.), Euclid (300 B.c.), Apollonius of Perga (250 B.c.), Archimedes of Syracuse 
(250 B.c.), and Pappus of Alexandria (350 a.p.). 

On the other hand, projective geometry, which studies those properties of 
figures which are invariant under projection and section, is of much more 
recent origin. In fact, the science of projective geometry was conceived in the 
mind of a French army officer confined in a Russian military prison in 1813-14 
A.D. The name of this man was Poncelet (1788-1867). He was a lieutenant of 
engineers in Napoleon’s army and started with Napoleon on the disastrous 
invasion of Russia in the summer of 1812. He was wounded in battle and left 
on the field for dead at Krasnoi. But he lived and was taken as a prisoner to 
Saratoff where, without books or papers or any kind of aid, he began to develop 
in his own mind a theory of projective geometry. He returned to France in 
September 1814, and in 1822 published his treatise on the projective properties 
of figures, which is the first on the list of great books embodying the science of 
projective geometry. 

It would be untrue to say that there was no geometry of a projective nature 
before the time of Poncelet. Since the metric group of transformations is a 
subgroup of the projective group, it follows that all projective invariants are 
also metric invariants. Therefore it is scientifically correct to include projective 
theorems among metric theorems. Not only is it scientifically correct to do so, 
but it is historically true that even in classical times there were certain features 
of metric geometry which we now recognize to be of a projective nature, but 
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the ancient geometers were not conscious as we are of the projective aspects of 
these portions of their science. There was no organized science or theory of pro- 
jective geometry in existence before the work of Poncelet. 

By way of instances of projective outcroppings in metric geometry before 
the time of Poncelet we may mention the following problem and theorems. 
The problem to which we refer is to divide a given line segment internally and 
externally in the same ratio. This is essentially the same problem as the pro- 
jective problem, to construct the fourth harmonic of a given point with respect 
to two given points on a straight line. Moreover, one of the fundamental 
theorems of projective geometry, namely, that the cross ratio of four collinear 
points is invariant under projection and section, is due to Pappus of Alexandria. 
About 1000 years after him lived Desargues of Lyons (1593-1662), to whom we 
owe two well known theorems of projective geometry. Of these the first is 
perhaps the more familiar. It can be stated as follows: If two triangles are so 
situated that lines joining pairs of vertices are concurrent, then pairs of sides 
intersect in collinear points. The second theorem of Desargues states that, if 
a complete quadrangle is inscribed in a conic, then a transversal meets the conic 
and pairs of opposite sides of the quadrangle in four pairs of points in involution. 
Finally, there is the famous theorem of Pascal, which was discovered by him 
in 1640 at the age of sixteen, and which states that, if a simple hexagon is 
inscribed in a conic, then pairs of opposite sides intersect in collinear points. 

3. Development of synthetic and analytic projective geometry. Synthetic 
geometry is pure geometry. It uses intuition as a guide and logic as the instru- 
ment by which its results are obtained. To be contrasted therewith is analytic 
geometry, which introduces a coordinate system and employs the methods and 
machinery of algebra and analysis to demonstrate geometrical theorems. 
Naturally, we have synthetic projective geometry and also analytic projective 
geometry. 

Immediately after the publication of Poncelet’s book in 1822, synthetic 
projective geometry had a phenomenal growth, flourishing most luxuriantly 
in the first half of the last century. Some of the most distinguished synthetic 
projective geometers were Gergonne, Mébius, Steiner, Chasles, Von Staudt, 
and Cremona, of whom Gergonne was born first in 1771 and Cremona died last 
in 1903. 

Analytic projective geometry seems to have grown most rapidly a little 
later, toward the middle and latter half of the last century. Some of the most 
distinguished analytic projective geometers were Pliicker, Hesse, Clebsch, 
Grassmann, and Salmon, of whom Pliicker was born first in 1801 and Salmon 
died last in 1904. 

Space and time do not permit to give an adequate account and appreciation 
here on this occasion of the mighty works accomplished by these intellectual 
giants. It must suffice to say that they are an inspiration to those who live after 
them. 

4. Projective differential geometry. Differential geometry studies the proper- 
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ties of a configuration in the neighborhood of a general one of its elements. So, 
for example, the differential geometry of a curve studies the curve in the 
neighborhood of a general one of its points. The well known definition of the 
tangent line at a point of a curve as the limit of the secant line through this 
point and a neighboring point, as the second point approaches the first along 
the curve, illustrates the processes of differential geometry. Clearly, the 
definition requires a knowledge of the curve only in the neighborhood of the 
point of tangency. Moreover, the definition involves a limiting process, and 
such limiting processes are characteristic of differential geometry. In view of 
this fact it is not surprising that differential geometry uses the differential cal- 
culus extensively, and has for the most part been developed since the invention 
of the calculus. 

The terms metric differential geometry and projective differential geometry are 
now self-explanatory. The former grew to maturity before the latter was born. 
Isolated instances of projective differential properties of figures have been 
known for a long time, to be sure. The aforementioned definition of a tangent, 
for instance, is quite old, and is of a projective differential nature. But it was 
not until the last quarter of the last century that projective differential geometry 
was consciously studied, and an attempt was made to create a science of this 
subject. Cockle, Laguerre, Brioschi, and Halphen, whose lives were spent 
within the last century, discovered projective differential theorems. In the 
cases of the first three of these men, the results referred to were more or less 
incidental. Halphen was the first ever to undertake a systematic projective 
differential investigation. He studied rather thoroughly the projective differ- 
ential geometry of plane and space curves about 1878 and 1880. 

Wilczynski, from about 1900 to about 1923, studied the projective differ- 
ential geometry of curves, ruled surfaces, general surfaces, and rectilinear con- 
gruences, confining his investigations usually to ordinary space. He founded 
what may be called the American school of projective differential geometers, 
and perfected a method of his own in the new science, which was adopted and 
used by the geometers of his school. According to his method the projective 
differential geometry of a configuration is studied by means of the invariants 
and covariants of a completely integrable system of linear homogeneous 
differential equations under a suitably chosen group of transformations. For 
the purpose of setting up complete systems of invariants and covariants he 
used infinitesimal transformations according to Lie’s theory of continuous 
groups. 

Since about 1916 there has arisen in Italy a new school of projective dif- 
ferential geometers, of whom Fubini at Torino is the leader, and among whom 
are included Bompiani at Rome, Terracini at Torino, and others. Cech at Brno 
in Czechoslovakia should be mentioned in relation with this school of geometers. 
According to their method, the projective differential geometry of a configura- 
tion is studied by means of a system of invariant differential forms. They em- 
ploy, as is natural for the study of a system of differential forms, the absolute 
calculus of Ricci. 
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5. Present tendencies. We are now prepared to understand what seem to 
be the present tendencies in projective geometry. The emphasis at present is 
on analytic projective geometry, and, more specifically, on analytic projective 
differential geometry. In this field there are three recognizable tendencies, each 
of which will be discussed briefly. 

First of all, there is a tendency toward unification of the methods and results 
of the Italian and American schools, which is being accelerated by exchange of 
publications and by the oral interchange of ideas made possible when professors 
of each country visit the universities of the other. Moreover, there is a close 
scientific connection between the methods after all. For, one of the problems 
that arises in the Italian work is to determine the configuration defined by a 
given set of differential forms. This determination is accomplished by setting 
up a system of differential equations whose solution gives the configuration. 
These are precisely the differential equations with which the American school 
would start as fundamental. As an instance, the Italians show that the theory 
of a surface referred to its asymptotic net in ordinary space may be based on 
a consideration of the following system of differential forms: 


2Bydudv, 2By(Bdu® + ydv*), + qdv?. 


Then they show that a surface defined by this system of forms can be deter- 
mined by integrating the following system of partial differential equations: 


Xu = px + 6 + Bt; 
Gx + + (@ = log By). 


The Americans would begin with these equations as fundamental and would 
obtain the forms later. 

In the second place, particularly in the work of E. Bortolotti, there seems 
to be a movement toward unifying the theories of projective differential 
geometry and the modern non-riemannian geometry. This is quite recent and 
at present little can be said concerning it. 

Finally, there is a tendency to attempt to extend the methods already found 
effective in ordinary space to hyperspace. The method of the Italian school is 
available for many configurations in ordinary space, as has already been 
indicated, and for curves and hypersurfaces in n-space. But in spite of the fact 
that considerable work has been done on the projective differential geometry of 
varieties in m-space by Segre, Bompiani, and others, no comprehensive sys- 
tematic theory exists. For »>4 the Italian method breaks down for a variety 
of k dimensions with 1<k<n-—1, either because of the lack of an invariant 
quadratic differential form, or else because of the lack of an absolute calculus 
for an n-ary p-adic differential form. On the other hand, the American method 
is theoretically applicable, but the amount of labor involved when n is large 
seems at present to be, in most situations, prohibitive. Perhaps the method 
can be refined and improved so as to carry us much farther into the projective 
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differential geometry of general varieties in hyperspace than we have yet ad- 
vanced. Recent progress makes us optimistic and hopeful of more successes 
yet to be obtained by means of this method. 


ON THE HISTORY OF DETERMINANTS 
By G. A. MILLER, University of Illinois 


The history of determinants is an unusually interesting part of the history 
of elementary mathematics in view of the fact that it illustrates very clearly 
some of the difficulties in this history which result from the use of technical 
terms therein without exhibiting the definite meaning which is to be given to 
these terms. Many modern writers have based their definitions of a determi- 
nant on the existence of a square matrix. This was done, for instance, in the 
widely used Weber-Wellstein Encyklopadie der Elementarmathematik, volume 1, 
4th edition, 1922, page 304. From this point of view a determinant does not 
exist without its square matrix, and, judging from many of the textbooks on 
elementary mathematics, it is likely that many students consider the square 
matrix as an essential part of a determinant, so that the term determinant 
conveys to them a dual concept composed of a square matrix and a certain 
polynomial associated therewith. When they speak of the rows and columns of 
a determinant they naturally are thinking of its matrix and when they speak of 
the value thereof they are naturally thinking of the polynomial implied by the 
term determinant. 

When a student who is familiar with no definition of the term determinant 
except the dual one noted in the preceding paragraph meets with the common 
statement that the discovery of determinants is usually ascribed to G. W. 
Leibniz, he naturally concludes that a square matrix and a polynomial were 
associated by G. W. Leibniz in about the same way as they are associated at 
the present time. This is, however, not the case. In fact G. W. Leibniz associ- 
ated a polynomial with two square matrices and he derived this polynomial 
therefrom in a way which differs widely from the one now followed in expanding 
a determinant. Hence the question arises whether it is desirable to associate 
the name of G. W. Leibniz with the discovery of determinants. To throw 
some light on this question it may be desirable to consider here the motives 
which led to some of the early developments which are now commonly as- 
sociated with the beginnings of the theory of determinants. 

The three subjects which are commonly associated with the early history of 
determinants are: The solution of a system of linear equations in » unknowns, 
the elimination of the unknowns from a system of +1 linear equations in 
unknowns, and linear transformations. The first of these subjects is naturally 
one of the oldest in the history of mathematics and when general methods 
relating thereto are considered they are apt to have something in common with 
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the polynomials which are now used to exhibit the general solution of such a 
system of equations. Hence some mathematical historians have been inclined 
to trace the history of determinants to methods used by the ancient Chinese 
and the ancient Japanese in regard to the solution of a system of linear equa- 
tions. In view of the great disparity between their methods and those now com- 
monly employed it is difficult to exhibit any definite contact between their 
methods and our modern ideas of determinants. 

Much closer approaches to such contacts are exhibited by the work of G. W. 
Leibniz since he employed a notation which is almost equivalent to our double 
subscript notation and thereby was able to write the general formulas for the 
eliminant of a system of linear equations as well as for the solution of such a 
system. There is, however, a wide difference between the motives involved in 
finding such general formulas and those relating to the study of the advantages 
gained by associating a square matrix and a polynomial as is now being 
commonly done in the use of determinants. Hence it would appear to be entirely 
justifiable to say that the work of G. W. Leibniz had no direct connection with 
determinants, and thus to distinguish sharply between work motivated by the 
desire to find general rules for obtaining the polynomials involved in solving a 
system of general linear equations or in eliminating the unknowns from such a 
system, and the work relating directly to studying the advantages resulting 
from the association of a square matrix and a well defined polynomial related 
thereto. 

We do not mean to imply that the dual definition of the term determinant, 
according to which this term implies both a square matrix and a certain poly- 
nomial associated therewith, is the only one for which there is good authority. 
In fact, some of the best authorities define the term determinant without any 
reference to the existence of a square matrix. Our object is only to exhibit here 
some of the advantages resulting from this definition as regards the history 
of elementary mathematics, and especially as regards the simplification of the 
history of the subject of determinants itself. In particular, it may be noted 
here that if this definition had been adopted in the very useful work by Thomas 
Muir which appeared in four volumes under the title The theory of determinants 
in the historical order of development, a large number of the titles contained 
therein could have been omitted. These omissions would include all the titles 
of works which antedate the beginning of the nineteenth century and hence 
they would affect very fundamentally the commonly accepted view as regards 
the origin of determinants. 

In particular, our common method of solving a system of m general linear 
equations in » unknowns by means of determinants is commonly spoken of as 
Cramer’s Rule. In view of the fact that the dual view of determinants noted 
above was unknown at the time of G. Cramer (1704-1752) it is clear that this 
rule could not have been known in its present form at the time when G. Cramer 
lived and hence could not be due to him in this form. We have here, therefore, 
a striking instance of the danger of misleading the reader by being too generous 
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to certain individuals in giving credit. If the square matrix is an essential ele- 
ment of a determinant then it must be said that determinants were first used 
about half a century after the death of G. Cramer. On the other hand, the poly- 
nomials which are such an important part of determinants were used by G. 
Cramer and his use thereof had a great influence on the development of deter- 
minants. Many of the methods and theorems which have been named after 
certain mathematicians have naturally become much richer in the course of 
the development of our subject than could have been foreseen at the time 
when these mathematicians lived, and credit should usually not be withheld 
on account of this additional richness, but in the present case this additional 
credit affects fundamentally the definition of the term involved and hence it 
seems questionable whether the noted rule should now be called Cramer’s 
Rule. 

While the modern student of mathematics usually becomes familiar with 
the theory of determinants for the first time in connection with the solution of 
a system of m linear equations in m unknowns, it is probable that the subject 
of linear transformations influenced most profoundly the early development of 
determinants if we adopt the dual meaning of the term determinant noted above. 
In fact, it appears that the first association of a square matrix and the corre- 
sponding polynomial in the modern sense is due to C. F. Gauss and was em- 
ployed in connection with linear transformations. Moreover, the fundamental 
subject of multiplication of determinants was developed in connection with 
linear transformations. The date at which determinants were first multiplied 
is also greatly affected by our definition of the term determinant since the poly- 
nomials which result from successive linear transformations were studied before 
the multiplication of determinants, as the term is now commonly understood, 
was considered. In the special case when the determinants are of the third 
order the theorem for multiplication can easily be inferred from the work of 
C. F. Gauss as given in the fifth chapter of his noted Disquisitiones Arithmeticae. 

The main points which we aimed to exhibit in the present article are that 
unless the contrary is explicitly stated the term determinant should be used in 
the histories of elementary mathematics with the dual meaning implying botha 
square matrix and a certain polynomial associated therewith, and that the his- 
tory of determinants would thereby be greatly simplified. While the general 
formulas involved in the solution of m linear equations in m unknowns are closely 
related to the determinants it is undesirable to regard the efforts to develop 
such formulas as developments in the theory of determinants. The separation 
of these developments and the theory of determinants enables us to distinguish 
sharply between the development of a general algebraic notation which made 
it possible to use the modern mathematical formulas and the special notation 
relating only to the subject of determinants. Just as the use of our ordinary 
complex numbers was first greatly stimulated by their appearance in work re- 
lating to the solution of the cubic equation and not by their appearance in the 
solution of the quadratic with which we now generally associate them most 
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closely, so the development of the theory of determinants was first greatly 
stimulated by linear transformations and not by the usefulness of determinants 
in the solution of a system of linear equations. 

The use of double subscripts may serve the same purpose as that of rows and 
columns in the square matrix of a determinant and it is of some interest to 
note that G. W. Leibniz used number pairs as coefficients which served the 
same purpose as double subscripts. The credit commonly given him for the 
discovery of determinants is partly based on this fact. In view of the fact 
that Webster’s New International Dictionary is widely used by teachers of 
mathematics it may be desirable to refer here to a slight error which appears 
therein under the term “determinants”. It is correctly stated thereunder that 
Jacobi employed determinants “powerfully”, but the date 1823 assigned for 
this employment is not quite correct. As Jacobi was born on December 10, 
1804, he became 19 years old late in 1823 and hence if the given date were 
correct it would imply that he was a youthful prodigy and hence his biography 
would be of especial interest to teachers of our subject. As a matter of fact, 
however, his important contributions to determinants were published much 
later after he had made very valuable contributions toward the advancement 
of mathematics along other lines. The date 1823 should therefore be replaced 
by 1841 in the later editions of Webster’s New International Dictionary. 


A MATHEMATICAL THEORY OF THE TRANSMISSION OF 
SUCCESSIVE IMPULSES THROUGH A MUSCLE 


By H. E. BUCHANAN, Tulane University 


1. Introduction. We assume that a muscle of uniform physiological proper- 
ties will transmit, with uniform velocity, an impulse resulting from a stimulus 
applied at one end. This assumption has been justified for impulses in nerves 
by Gasser and Erlanger! who have given an interesting formula to represent 
the transmission. It is generally accepted by physiologists? that such impulses 
are transmitted uniformly through a muscle if the muscle is thoroughly re- 
covered from any previous impulse. 


2. Definitions. If a second stimulus be applied immediately after the first 
the muscle refuses to respond. The absolutely refractory period is a time interval 
during which the muscle is in contraction and refuses to respond to a second 
stimulus. The relatively refractory period is a time interval, beginning with the 
end of the absolutely refractory period, during which the muscle is less than 


1 American Journal of Physiology, vol. 73 (1925), pp. 613-634. 
2 The problem of impulse transmission in muscle was suggested to me by Dr. Richard Ashman 
of the Tulane University College of Medicine and the numerical data were supplied by him. 
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normally responsive to stimuli and during which the impulses are transmitted 
with less than normal velocity. 


Given a muscle, OP, of length b. Any effective stimulus applied at O will 


b 
Ot )P 


Fie. 1. 


create an impulse which will be transmitted to P, the space transversed being 
given by the equation 


(1) S$; = vt. 


The velocity of transmission is ds,/dt=v, and the total time required to 
travel from O to P is T,=b/v. 

A second stimulus applied before the end of the relatively refractory period 
creates an impulse which will be transmitted to P more slowly and the corre- 
sponding 7» will be larger. The velocity of propagation of this second impulse 
will depend in some manner on the length of time the muscle has rested. 

If a third impulse is started following the second it is found, experimentally, 
that there is a new absolutely refractory period and a different total time of 
transmission 7;. The curves, A and B, in figure 2 give the graphical representa- 
tion of 72; and 7; for various starting conditions. They were determined 
experimentally. 

The purpose of this paper is to set up a mathematical theory for the trans- 
mission of these three successive impulses and in particular to determine 
whether or not the less precipitous descent of curve B in figure 2 can be ex- 
plained in terms of the character of the propagation of the s2 impulses. 


3. The second impulse. The velocity of the second impulse at any point in 
the rauscle certainly depends in some way on the time which has elapsed since 
the first impulse passed that point diminished by the absolutely refractory 
period. The simplest of all the possible laws of dependence is that of direct 
proportion. Assuming that this is the correct law we have the following as the 
differential equation which describes the motion of the second impulse: 


(2) —= K(t-A-—-—)= ——+Ki- KA, 
v v 
where A is the absolutely refractory period and K is the proportionality factor. 
We measure the time from the instant of departure of the first impulse. The 
solution of equation (2), subject to the condition that ss=0 when t=A +a, by 
well known methods is 


v? — Kva v? -+ KvA 
e-K(t-A-a)/» of — 


(3) 
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The velocity at any instant of time is found by differentiating equation (3): 


ds» 
dt 
The constant K must be determined so that ss=b when t—A —a=T>. This 
will obviously give a different K for every value of a. It can be seen by inspec- 
tion of equation (4) that Ka<v, for otherwise ds2/dt could become larger than 
v, which is impossible. 
From curve A, figure 2, we obtain the following data: ss=1, v=2.1, T,.=.6, 
a=.02. When these values are substituted in equation (3) and the equation 
rearranged we find 


4.41 — .042K — (4.41 — .302K)e78 = 0. 


The value of K which satisfies this is, approximately, 14.7. A similar compu- 
tation for s.s=1, v=2.1, T2=.5, a=.24 gives K=7.8. From the curve A it 
appears that for values of a21, K must equal v/a since, for all such values of 
a, ds2/dt must equal v. 


4. The third impulse. Again we assume that the velocity at any point of 
the muscle varies directly as the time which has elapsed since the second impulse 
passed that point diminished by the new absolutely refractory period, B. 
We might set up the differential equation which describes the motion of the 
third impulse by solving equation (3), after replacing s, by ss, for T—A—a as 
‘ a power series in s; and subtracting the result from ¢— A — B—a, but this method 
leads to serious complications. We can secure an approximation which is 
probably more accurate than any of the experimental observations by dividing 
ss; by the average velocity of sz and subtracting from t—A—B-—a. This is 
what was done to get equation (2), but in that case the average velocity of s; 
was the constant v and no approximation was introduced. Since se starts out 
with a velocity Ka and ends with a velocity very nearly equal to v, the average 
is }(Ka+v). Hence we write for the differential equation of the third impulse: 
(5) «=t-—-A-a, 
and B is the new absolutely refractory period. The solution of this equation 
subject to the condition that s;5=0 when x= is 


53 = ——(Ka v— (2-8-6) | (Ka+e) 
(6) 4L 
Ka+yv (Ka + v)(Ka + v + 2LB) 
2 4L 


The velocity at any instant is 

ds3 Ka+v (Ka+v-— 
7 e 
dx 2 2 


—2L(2—B—8) (Ka+v) 
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5. The relation of curvesAandB. An examination of curve B in figure 2 shows 
that for equal values of a and £ the time of transmission of the second impulse 
from O to P is shorter than it is for the third. One would naturally expect this 
to be true since the s3 impulse would be held back by the sz impulse more than 
se is held back by s; because sz moves more slowly than s;. We inquire as to 
whether or not our mathematical theory accounts for this fact. 
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In equation (6) let a=B=.02, K=L, B=1, s3;=1, v=2.1. Solving for 
x—B—£ we find 7;=.88. The corresponding value for JT: was .6. Similarly 
for a=B=.24 we find 7;=.51. The corresponding value of 72 was .5. One 
could make a general discussion for every value of a=8 and K=L, but these 
two numerical examples are sufficient to show that the less precipitous descent 
of curve B results from the character of curve A because it depends on K which 
was determined by curve A. 


6. The S shaped curves. The graph of s,;=vt is a straight line. For v=2.1 the 
graph is shown by the line labeled s, in figure 3. The graph of se for A = 1.6 and 
a= .02 is also shown. Dr. Ashman® suspected the existence of S shaped graphs 
for some of the s; functions. Equation (7) may be used to show that there are 
such curves for certain values of a and B. 


3 Loc. cit. 


’ 
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Let a be small, say .02, and let 8 be relatively large, say .95. Then 8 and 
B are approximately the same size. At x=B+, ds;/dx=L8, which must be 
very nearly equal to v. Hence L=v/8 approximately. The third impulse then 
starts off with a large velocity, say v»3=2. By equation (7) this velocity has 
decreased to 1.76 when .3 seconds have elapsed. This is obviously due to the 
fact that the rapidly moving s; is catching up with the more slowly moving se 
and consequently is getting into more and more refractory muscle. At about 
.4 seconds s3; must begin to regain its velocity since sz; has completed its course 
1.75 seconds before. Hence there are s shaped curves for small values of a and 


for a small and £ large 


A+a B+, 
Fie. 3. 


large values of 8. However not all the s; curves are of that type. Many of them 
resemble the sz curves very closely. 


7. The formula of Gasser and Erlanger. Drs. Gasser and Erlanger‘ of 
Washington University, Saint Louis, gave an empirical formula connecting 
space and time for the second impulse in a nerve. From the experiments of 
these gentlemen it seems that the mathematical theory of this paper holds as 
well for impulses in nerves as in muscles, with, of course, suitable adjustments 
of the constants. Their formula is 


y 1 y 
— + — logy —- 
A m 


In our notation this formula becomes 


Loc. cit. 


ot: 

’ 
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(8) = — + log, 5: — log. C. 
v 


Differentiating with respect to ¢ gives 


ds» v? 


dt as 


Thus the impulse can reach the velocity v only when s2 is very large with respect 
to v2. Such a situation could never exist in any of the data that the author 
has seen in muscles and it seems improbable that it could ever be realized in 
either muscles or nerves. Further, in equation (8) when s:=0, ¢ becomes nega- 
tively infinite. Thus Gasser and Erlanger’s formula does not give accurate 
results for small values of se. They were aware of this defect. 

Contrasted to.the formula of Gasser and Erlanger, formulas (3) and (4) 
give accurate results at both ends of the muscle. They exhibit the various 
constants concerned with the motion and can be adjusted to fit any data. 
Formulas (6) and (7) are not so accurate but still serve a very useful purpose 
in discussing the character of the s; curves. 


8. Conclusion. In conclusion the author ventures to hope that his excursion 
into the field of physiology may prove interesting to the mathematician and 
not distasteful to the physiologist. Possibly such efforts may lay a foundation 
for a more mathematical treatment of certain phases of the biological sciences 
and at the same time serve to humanize and broaden the field of mathematics 
itself. 


INFINITE SERIES FORMED BY ASSOCIATING THE 
TERMS OF A SERIES OF FUNCTIONS WITH THE 
POINTS OF A SEQUENCE 


By NORMAN MILLER, Queens University 


We consider a series > un(x) of functions of a real variable x and a sequence 
(x1, X2,%3, - - -) of points on the x-axis. By taking the values of the successive 
terms of the series at the successive points of the sequence we obtain the series of 
constants > ,Un(xn) whose convergence or divergence is the subject of discussion. 
The most interesting cases are those in which the points of the sequence from a 
certain point on lie entirely within an interval of convergence or an interval of 
divergence of the series }\u,(x). In what follows some simple general cases are 
first discussed, with certain sufficient conditions for the convergence of the 
resulting series }%n(xn), which on account of their origin are in the present 
discussion termed pointwise series. The method of forming such series is then 
illustrated by obtaining a number of examples of convergent and of divergent 
series which form useful material for the application of the classical conver- 
gence tests. 


= 
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THEOREM 1: Let it be assumed (1) that the series >.u,(x) converges absolutely in 
the interval aSx 3b, (2) that there exist in this closed interval a finite number of 
points, V1, Yo, Such that for values of x in ab | (2) | has its upper limit at 
one of these points, and that for every n. Then if (x,) denotes any sequence of points 
in ab the series )un(xn) converges absolutely. 


Proor: The series >.u,(x) may be divided into & series of which the ith 
includes those terms whose absolute values have their upper limits at y; 
(¢=1, 2,---k). Since the points of the sequence (x,) are in one-to-one corre- 
spondence with the terms of the series, a corresponding division of these points 
into k partial sequences ), (x./’), - - may be made. From the con- 
stant term series Un(Xn) we get then partial series (xn), (¢=1, 
2, ---k), of which at least one is infinite. Since the series >. | tn (xen) | is 
dominated by the series >>| u,“(y;) |, whose convergence follows from the first 
hypothesis, it follows that each of the partial series and hence the series 
converges absolutely. 

Remarks on Theorem 1: The second hypothesis of the theorem is satisfied by 
power functions x", by exponential functions n*, n~*, and by all functions which 
are monotone in the interval abd. ; 

For a power series >.a,x" the hypotheses are satisfied if a and b are within the 
interval of convergence or if one or both of these points are end points of the 
interval of convergence provided the series converges absolutely at these points. 

An ordinary Dirichlet series > (an/n*) conforms to the hypotheses of the 
theorem provided the series converges absolutely at the point a(a <d). 

It is easy to build up arbitrary convergent series whose terms do not con- 
form to the second hypothesis of the theorem. Thus if u,(x)=0 when x#1/n 
and u,(1/n) =1, the series )u,(x) converges for all values of x while the point- 
wise series formed by taking the successive terms at the points of the set (1/m) 
diverges. Again if u,(x)=1/n? when x#1/n and u,(1/n)=1/n, the series 
>°u,(x) converges uniformly along the whole axis of x. But again the pointwise 
series ),un(1/n) diverges. Other examples in which the terms of the series are 
continuous occur among Fourier series. Thus the series sin x — }sin 2x+ $sin 3x — 
isin 4x+ - - -converges uniformly in the interval —}m<x<}r, but the series 
formed by taking the values of the terms at the successive points of the sequence 
((—1)"-'2/2n) diverges. A theorem which applies to a trigonometric series is 
the following: 


THEOREM 2: In the series suppose that un(x) =anUn(x), where a, is con- 
stant, and (1) that dian converges absolutely, (2) that on (x) | <M, a constant for 


asx<b, n=1,2,3---. Then if (xn) is any sequence of points in ab > uUn(Xxn) 
converges absolutely. 
For we have |tn(xn) |= |an| -|vn(xn) | <M |an|, and >> |a, | converges. 


It follows that any pointwise series formed from a trigonometric series in any 
interval converges provided the series of coefficients converges absolutely. If 
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however the series of coefficients does not converge absolutely a sequence of 
points can always be found (if the interval is not restricted) over which the 
pointwise series will diverge. 

Examples: If the series }.u,(x) converges within the interval ab and diverges 
at b and if (x,) is a sequence of points in ad having the limit point d, then the point- 
wise series }.u,(x,) may converge or diverge depending on the rapidity with 
which the points of the sequence approach their limit. A similar statement holds 
in case ab is an interval of divergence and b a point of convergence of the series 
>~un(x). The method isa useful one for obtaining series for practice in testing 
convergence. The following table exhibits a number of series formed from cer- 
tain power series and Dirichlet series. The first column gives the series of func- 
tions >\u,(x), the second gives the end point of a convergence or divergence in- 
terval, the third gives the character of the series (convergent or divergent) at this 
point, the fourth gives the m** point of a sequence having this point as limit point, 
the fifth records the character of the resulting pointwise series which is itself 
given in the sixth column. It will be noticed that the sixth column includes, for 
the sake of completeness, a few series of an elementary character. 
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A NOTE ON MATRIX POWER SERIES. 
By I. M. SHEFFER!, Pennsylvania State College 
Let A: | |a,;| | be a square matrix of order k, and let 
(1) fle) = 
n=0 


be a power series with non-zero radius r. We consider the condition that the 
matrix power series 


(2) f(A) = 


be convergent. This problem has been studied by Hensel’ and others, but a 
simpler treatment than theirs seems possible. 
The characteristic equation for A is 


AK 

or, on expanding, 

(4) A(A) = 69 + + --- + = 0, 


where the 6; are readily determined. It is well-known that a matrix satisfies 
its characteristic equation 


(5) A(A) = + + = 0, 


where 7 is the identity matrix. On multiplying through by A” we obtain the 
relations 


(6) + 4 = 0, n=0,1,---. 
Now set 
(7) , n=0,1,---, 
so that 


Then (6) can be re-written in terms of the a;; : 


1 National Research Fellow. 
2K. Hensel, Uber Potenzreihen von Matrizen, Journal fiir die Reine und Angewandte Mathe- 
matik, vol. 155 (1926), pp. 107-110. 


n==0 
’ 
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(n+1) (n+k) 


(6’) boas; + bay; + = 0, m= 0z1, 


That is, for each (2, 7), a;; considered as a function of satisfies the difference 
equation of order k with constant coefficients: 


(9) + k—-1 + + + boUn = 0, 0,3, 


Let the characteristic equation (4) have the zeros Ai, As, -, Ag, of order 
Si, Sa, * * *,Sg, SO that si+ - + -+s,=k. Then, as is well-known in the theory of 
such difference equations, the general solution of (9) is given by 


(10) 
q 
tn = + +--+ + — 1) (m — Sp + 


p=1 


where the &,,’s are arbitrary constants. 
Let us now return to the series (2). It converges’ if for each (7, 7) the series 
converges, and then (definition) 


0 


On appealing to (10) and to the fact that a;;‘") satisfies (9), we see: 


(11) f(A) = 


| 


THEOREM 1. Series (2) converges, and to the sum-matrix (11), if the following 
series converge :* 


COROLLARY. Series (2) converges if 

(i) |Ap| Sr, P=1, 9; 

(ii) for every such that |\,| =r, the power series® for f(z), f’(2), fp (2) 
converge at 2=Xp. 


The converse of this theorem is not strictly true, as may be seen by the 
following example: Choose A =I (the identity), and let f(z) =})°0f,2" be any 
analytic function satisfying the conditions: (i) the radius of convergence is unity; 
(ii) converges; (iii) diverges. Now f(A) =f(I) so that 
converges. But J has\=1 asa k-fold root of its characteristic equation, 
so that were the converse to hold universally, the series for f’(z), - - -, f©-» (z) 
should all converge for z=1. But this is not the case. 

Let M bea matrix of order k. It generates a linear transformation in vector- 


3 We take this as the definition of the convergence of (2). 

4 It may be noted that the convergence of the last of these series implies the convergence of 
all that precede it, as Hensel (loc. cit.) points out, so that it suffices merely to demand that 
ry” converges, p=1, 2,---,4q. 

5 See footnote 4. 
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space of k dimensions: > jam; jx;=y; or M(x) =y carries vector x into vector 
y. Adirection is invariant under M if there is a scalar \ such that for every vec- 
tor x in this direction, M(x) =Ax. 


LEMMA. If matrix A of order k has k linearly independent invariant directions, 
there exists a matrix ® with non-vanishing determinant such that 


(12) A = @14*9, 
where 

(13) A* = | ‘ : 

0 
Ai, Ax being the zeros® of the characteristic equation (3). 
Proof: Setting = | lbs; | | and expanding the equation PA = A*®, we obtain a 
system of k equations in the k unknowns -, dix fixed =1, 2, - - -, R), 
the determinant being A(A;)=0. The hypothesis on the invariant directions 
assures that there are linearly independent sets (@i1, - -, Oix), 2=1, 2, - +, R, 


so that ® has a non-vanishing determinant. 
DEFINITION. A is regular if it has k linearly independent invariant directions. 


Corotiary 1. If A ts regular then a;; is a linear function of the k quantities 
An, As, 


COROLLARY 2. If A is regular, then 
0 


(14) P(A) = 


for every polynomial P(z) . 


From the definition of convergence it follows that f(A)=)>0°f,A *=lim 
> nnofaA*; whence from corollaries 1 and 2, 


0 
(15) (A) = lim @-1|| ® 
0 
0 
0 


Hence we have the sharper result: 


6 They need not be distinct. 
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THEOREM 2: If A is regular then a necessary and sufficient condition that )\o°f,A* 
converge is that the series for f(z) convergeatz=X1, - - -, Ax. 


GRAPHICAL INTEGRATION OF DIFFERENTIAL EQUATIONS 
IN A POLAR COORDINATE SYSTEM 


By E. A. KHOLODOVSKY, New York, N. Y. 


The methods of graphical integration of differential equations in the Carte- 
sian codrdinate system, in other words when the Cartesian coordinate system 
is chosen for the geometrical representation of functions, are well known and 
have been fully expounded by J. Massau, R. Mehmke, C. Runge, H. Sanden, 
Fr. Willers, and others. In some cases the differential equations are of such 
a form that the geometrical constructions for graphical solution of the equa- 
tions are easier and simpler, if we interpret geometrically the variables of the 
equations as polar coérdinates. In particular that occurs when the equation 
contains trigonometric functions of the independent variable. 

Graphical integration of differential equations in a polar coordinate system 
is based on the same principles as in a Cartesian system; and in our exposition 
we shall limit ourselves to the peculiarities of graphical integration of differen- 
tial equations in a polar coérdinate system without repeating the explanations 
and proofs which are common to both systems. 


1. Ordinary differential equations of first order 
A. Method of characteristics 


Let a differential equation f(x, y, dy/dx)=0 and the initial values of the 
variables x» and yo be given. Suppose the function whose analytical expression 
is y=@(x) is the solution of this equation. For convenience we substitute the 
letters 6 and p for the letters x and y; then dy/dx =dp/d@ =p’ and the equation 
(6, p, p’) =0, the initial values, 40, po, and the integral of the equation, p =@(@). 
We interpret 6 and p, geometrically, as polar codrdinates of the points of the 
curve whose equation is p=¢(@). The problem is to construct the curve which 
passes through the point Mo(, po) and whose equation is p=@(@). 

The construction of the curve p=@(@) is analogous to the solution of this 
problem in a Cartesian coérdinate system and is based on the principle of con- 
tinuity and on the geometrical meaning of the derivative p’ or of other analytical 
expressions containing this derivative. The method of characteristics consists 
in a Cartesian coédrdinate system of drawing a system of isoclinal lines (charac- 


1 Encyklopiidie der Mathematischen Wissenschaften, B. II;, N2; J. Massau, Mémoire sur 
l’intégration graphique (1885); B. Mehmke, Leitfaden zum graphischen. Rechnen (1924); C. Runge, 
Graphical Methods (1912), Graphische Methoden (1914); H. Sanden, Praktische Analysis (1914); 
Fr. Willers, Graphische Integration (1920). 
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teristics). At each point of an isoclinal line the tangent to the required integral 
curve has the same slope. Practicality of the graphical method depends very 
much upon the simplicity of drawing these characteristics. 

If we transform the given differential equation f(0, p, p’) =0 into the form 
F[6, p, p (p’) ]|=0, where p(p’) is a function of p’, the geometrical meaning of 
which is known, and if the drawing of the curve F(0, p, K) =0, where K is a 
constant, is easy, it is advantageous to apply the method of characteristics 
in the polar coérdinate system. 

Depending upon the geometrical meaning of the function p(p’) we apply 
different constructions to get the simplest one. Let us consider several partic- 
ular cases. 

Case (a). Let the given equation F(@, p, p’) =0 be of such a form that the 
construction of the curve F(6, p, K) =0, where K is a constant, is easy. In this 
case p(p’)=p’. Then, taking into consideration the fact that the geometrical 
meaning of p’ is the value of the subnormal of the required curve, p=9(6), 
we substitute in the given differential equation, F(0@, p, p’) =0, arbitrary con- 
stant values, Ko, Ki, Ke, -- - for p’, taking Ko=po’; the initial value of po’ we 
compute, or construct, from the given equation. In this way we obtain a sys- 
tem of equations: 


(a) F(@,p, Ko) 0, 
(A) (d) F(6,p,K,) 0, 
(c) F(@,p, Ke) 
We construct (Fig. 1) the curves (a), (0), (c),--+, which we call character- 


istics, represented by these equations, the first curve passing through the 
point Mo(@, go). On the perpendicular through Oto the vector OM» we lay 
the segment ONo=Ko. (If Ko is positive, we lay it in the positive direction, 
that is so that the angle between the vectors OM, (first) and ON, (second) is 
positive; if Ko is negative we lay it in the opposite direction.) Through the 
point Mo we draw? Mom, perpendicular to MyNo. It is evident that this line 
Mom, is the tangent to the required curve, p=@(0@) at the point Mo, as the 
coérdinates of the point Mo and the value of the subnormal, Ko, satisfy the 
equation (a) of the system (A). 

We may continue this tangent to the intersection with the curve (0); con- 
sidering this point of intersection as the point of the required curve we may 
construct in the same manner the tangent through this point, taking into con- 
sideration the value K, of the subnormal, and so on. We shall obtain a more 
correct graph if we continue the tangent through the point Mo to some point 
m,, approximately in the middle between the curves (a) and (b), and draw a 


2 It is not necessary to draw the line M)Np. 
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tangent through this point, taking the length On, = K, as the value of the sub- 
normal. At the point M; of intersection of this tangent with the curve (5) we 
draw a tangent in the same way as for the point Mo, taking the length ONi = K; 


Fic. 1 


as the subnormal for this point. Proceeding in the same manner we obtain a 
broken line of tangents through the points Mo, Mi, M2, ---. Acurve tangent 
to this broken line at the points Mo, Mi, M2, --- is the first approximation 
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to the required integral curve which we shall denote by the equation p =¢(8). 
(On the diagram this curve is not drawn, for better clearness of the sketch.) 

To get a better approximation we proceed as in a Cartesian coérdinate 
system: On the rays OMo, OM:, OM2, --- we put the lengths OPo=Ko, 
OP,=K,, ---. The curve PoP; --- P3 (on the diagram the curve is not 
drawn) whose equation can be written p=¢,’(@) represents the change of the 
derivative ¢,'(0). Integrating this curve by methods of graphical integration 
in a polar coérdinate system,* we obtain the second approximation. On the 
diagram (Fig. 1) the curve RoR; represents the curve p=+/ [2¢1’(6) | and the 
curve M,)M;’ the second approximation, p=¢.(@). If the second curve coin- 
cides with the first, we consider it as the required integral curve. If the correct- 
ness is not sufficient, we get in the same way the third approximation, taking 
into consideration the points M,’, M,’, - - - of the intersections of the integral 
curve with the characteristics (0), (c), ---andsoon. A reasoning analogous 
to the reasoning in a Cartesian coérdinate system proves that in general we can 
obtain an approximation of desirable exactness.‘ It is advisable to construct 
with sufficient accuracy a short part of the required curve and then proceed 
with further construction. 

Case (b). p(p’)=p/p’. The given equation f(@, p, p’)=0 is transformed 
into F(6, p, p/p’) =0. It is known that p/p’ =tan uw where p is the angle between 
the positive direction of the radius vector and the positive direction of the 
tangent. With initial values 69, p90 we construct or compute from the given 


differential equation the initial value po/po’ = tan we construct the 
curves 


(a) F(6,p, Ko) 0, 
(b) = 0, 
(¢) F(6,p, Ko) 0, 
where Ko, - are arbitrary values; Ki;=tan w,, Ke=tan pe, ---. The 


point Mo(4, po) is on the curve (a). At this point we construct the angle po 
(Fig. 2), at the point® m, an angle equal to mw, and so on. 

The broken line MyM, M,; - - - represents the tangents to the required in- 
tegral curve. To get the second approximation we construct the curve p=¢1' (6), 
using the formula tan »=p/p’, p’=p cot u. To perform this construction we 
may, on the perpendicular to the radius vector OMo, put the length OM;!=OM» 


3 E. A. Kholodovsky, Graphical integration and differentiation of functions in a polar coordinate 
system, in this Monthly, vol. 36 (1929), pp. 3-21. 
4C. Runge, Graphical Methods, p. 124. 


5 The meaning of letters and signs in this and other cases is the same, as in case (a). 
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and through the point M)’ draw a line parallel to M)M;; the intersection of 
this line with the vector OMo, the point Po, is the point of the curve p=¢’(@) 
on the ray OM, and so on. Then we proceed as in the case (a). 

The values of p’, certainly, can be found in all cases by means of constructing 
the subnormals. 


(d) 


Fic. 2 


Case (c): p(p’) =(p?+p”).2 The given differential equation is transformed 
into F[6, p, (p?+p’)'2]=0. The geometrical meaning of the expression 
(p?+p’?)'/? (equal to K) is the length of the normal, and the construction is 
analogous to case (a); the characteristics having been drawn, we find the 
points No, Ni, No, eee (Fig. 1) as M.No=Ko, M,N,=K,, M.N2= Kz, 

For the second approximation we construct the curve p=¢y’, (@) by means 
of the lengths ONo=po’, ON, =p1', ON2=p2’ -- - as in case (a). 

Case (d): p(p’) =p?/p’. We put p?/p’=K (the subtangent) and we proceed 
as in case (a). On the diagram (Fig. 3) the subtangent, OT>=Ko, OT,=K3, 
and so on. 

For the second approximation we have to construct the subnormals, ONo 
=po’, and so on. 

Case (e): p(p’) =(p/p’(p?+p”)"2. The construction is analogous to that 
in case (d) if the given equation can be reduced to the equation F(@, p, 
(p/p’)(p?+p’*)!/2 =0, as the geometrical meaning of the expression (p/p’)(p? +p”)! 


Cm 
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(equal to K) is the length of the tangent. The points To, 71, T2, --- (Fig. 3) 
are obtained as M,T,=K,, 


For the second approximation we construct the subnormals as in case (d). 
B. Method of successive approximation 


When the given differential equation F(, p, p’) can not be represented in a 
form which allows us easily to construct the curves of the system (A), we can 


Fic. 3 


apply another method of construction of tangents (successive approximation). 
We construct the tangent M)M, (Fig. 4) through the initial point Mo as in 
case (a), after the value of the subnormal has been found from the given 
equation by measuring or computing. We take point M, on this tangent at 
a sufficiently small arbitrary distance from Mo, measure the coordinates 0, 
and p; of this point and we find the value of p,’ from the given equation by 
measuring or computing. The value p,’ is the subnormal of the required curve 
at the point M,. In the same way as before we draw the tangent M,M, 
through the point M,, and so forth. 

Also as in other cases we can obtain the second approximation, the third, 
and so on, constructing the curve of derivatives p’ and integrating it. 


\ 
Ts 
ty 
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2. A system of two ordinary differential equations of the first order 
with two unknown functions® 


Given a system 


Fic. 4 


and the initial values 90, po, vo. The problem is to construct the curves p =¢(@) 
and v=y(6) satisfying this system. We shall use the method of constructing 
consecutive tangents to the required curves. From the equations of the given 
system we find (by computing or constructing) po’ and vo’ for @=6>. We con- 
struct the points Mo(6o, po) and mo(4o, vo) (Fig. 5). For convenience we have 


taken different drawings for the curves p=¢(@) and v=y¥(@). We construct 
ONo=po’ and Ong=»,’ and we draw the required tangents through the points 
My and mo. We draw the vectors OM, and Om,, making the same angle 6, 
with the polar axis, sufficiently close to the vectors OM» and Omo. We measure 
the values of 0:1, pi, v, at the points M, and m, and from the given equations 
we find corresponding values of pi’ and »,’, and we proceed as before. 

To get a better approximation of the integral curves we construct on the same 


6 Method of successive approximation. 
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vectors, or on another drawing with vectors making the same angles, the values 
of po’ =OT 9, pi’ =OTi, and vo’ =Oto, ---. Thus we obtain the 
curves p=¢,'(0) and v=y,'(0), the curves p=¢1(0) and »=y, (0) being the first 
approximations. We integrate them graphically taking for the initial points 
Mo, and mp. We obtain new values of the vectors pi, p2, , v1, ¥2, for 
the same values of the angles 4;, #2, - - -. With these values we find new values 
for pi’, po’, ve’, and construct a second approximation of the 
required curves and so on until two consecutive approximations coincide. 

The same method may be applied to any system of n differential equations 
of the first order with m unknown functions. 
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3. Ordinary differential equations of the second order 
Given the differential equation 
= 
and the initial values 90, po, po’. With the substitution p’ =» we get the system 
p =v, = f(9,p,»), 


which can be integrated as shown in §2. The curve p=¢(6) is the solution of 
the given differential equation. 
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In the same way an ordinary differential equation of any order can be 
graphically integrated. If, for instance, a differential equation of third order 
is given, p’’’ =f(0, p, p’, p’’) we put p’ =», v’ = R and replace the given equation 
by the system 


R’ f(0,p,v,R); p’ 


= R., 
4. Linear partial differential equations of the first order 
Given partial differential equation 


X(dz/dx) + Y(d2/dy) = Z, 


‘ 
' 


Fic. 6b 


where X, Y, and Z are functions of x, y, and z, and initial equations y=a(x), 
2=B(x). 


From the equations of the characteristic dx/X =dy/ Y =dz/Z we get 
dz/dx=Z/X, dy/dx= Y/X, taking x as independent variable and y and 2 as 
functions. 


Substituting 0, p, v for x, y,z and putting Z/X =f(0, p, v), Y/X =g (8, p, ») 
we obtain the system 
v’ = f(9,p,»), 


p’ = g(9,p,”), 
From the initial equations p =a(@), »=8(6) we obtain (by computing or con- 
structing) a series of values 
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0, Po, ¥0; 61,011; 5 PnyYn 


where 6o, 6, are arbitrary values. 

On the diagram (Fig. 6), 0).=O, 0:= ZXOA, 6.= ZXOB,0;= ZXOC. For 
each group of these values we construct curves p=¢,(@), v=y.(0) (¢=0, 1, 2, 

-,n) as in §3. On the diagram these are the curves 0, 1, 2,3. To find the 
value v for given 0=0, p=P, we draw, on the diagram for p=g(@), the vector 
OK making the angle 9 with the polar axis and we put on it the length Om equal 
to P. If the point m lies on a curve p =¢;(6), the vector OM, drawn on the dia- 
gram for y=y¥(@) and making the same angle @ with the polar axis, intersects 
the curve »=y,(0), corresponding to the curve p=¢,;(@), at the point M and 
is the measure of the required value of v. If the point m is between two curves, 
we find the measure of » by interpolation. 


AN UNUSUAL USE OF THE NODAL CUBIC IN THE PLANE 
By BESSIE I. MILLER, University of Illinois 


Until recently manufacturers of lamp reflectors usually employed a reflector 
approximating the mathematician’s paraboloid of revolution. Such a surface 
throws light in parallel rays provided there is a point-source of light at the focus. 
Practically the manufacturer found it satisfactory to use a V-shaped filament 
lying in a horizontal plane on the axis of the reflector. The axis of the V coin- 
cides with the axis of the reflector; the vertex of the V is directed away from the 
vertex of the reflecting surface. This provides for some latitude in “fore and aft” 
focussing. Now the manufacturers wish to use two filaments one above the 
other, so arranged that one can be used for distance lighting during fast travel, 
the other for conditions occurring in city driving or in passing vehicles moving in 
the opposite direction. The parabolic reflector of the past fails in this case, since 
any displacement above or below the axis causes the light to break into diver- 
gent beams. 

Wm. H. Wood, M.D., of Cleveland, Ohio, who is a specialist in the treat- 
ment of disorders caused by the improper functioning of the glands and who is a 
well-known inventor of commercial and scientific instruments concerned with 
the reflection of light, has recently added to his long list of patents. He has con- 
structed a new generating curve for an automobile lamp reflector to replace the 
parabola of the older reflectors. His method was wholly experimental, and the 
surface eventually obtained was the result of an extraordinarily delicate process 
used in the polishing of the surface point by point, until the desired corrections 
on the parabolic reflector were obtained. The engineers to whom was submitted 
a plane section of the surface obtained by measurement were unable to analyze 
the curve, but were able to determine a construction for it. It was however not 
difficult mathematically to find the equation of the curve which, unexpectedly 
to the inventor, I found to be a nodal cubic, a thing of which he had never heard. 
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The relation between the old parabola and the new nodal cubic can easily be 
seen if their equations, 


(1) y? = 4px 
and 
(2) y3 — cy? — 4pxy + 4cx? = 0, 


are graphed. The constant c in (2) is the distance above the axis on the latus 
rectum of (1) at which the second filament is to be placed. The node of (2) is at 
the vertex of (1). The loop lies almost wholly but not quite in the first quadrant. 
The upper branch of the loop and a portion of the curve in the fourth quadrant is 
used in the reflector. The result is that upward divergence of rays from the 
axis is entirely removed and the beam itself is directed slightly downwards from 
the horizontal. Hence an on-coming driver is not annoyed. 

The manufacturer cannot conveniently use a cubic curve for a generator of a 
surface, so after determining the cubic it was necessary for me to determine a 
parabola which approximated the cubic within the region in which it is used. 
This was done. The formulas both for the particular cubic and parabola have 
now been patented and the reflectors based on the cubic are on the market. 


ON CERTAIN FINITE SUMS OF BINOMIAL COEFFICIENTS 
AND GAMMA FUNCTIONS 


By MIGUEL A. BASOCO, California Institute of Technology 


The purpose of this note is to exhibit certain finite sums involving binomial 
coefficients and gamma functions which are the immediate consequence of the 
orthogonality property of certain systems of polynomials. Indeed, the results 
here given are equivalent to the orthogonality property in the sense that one 
implies and is implied by the other. The explicit results are given for the more 
common orthogonal polynomials such as those bearing the names of Laguerre, 
Jacobi, Hermite, etc., but obviously, analogous results may be derived from any 
such system. Thus the polynomials recently given by Romanovski (Comptes 
Rendus, t. 188, No. 16, April 1929) will yield the value of certain finite sums, 
which however, are fairly complicated. It may be pointed out that all of these 
results would, perhaps, be difficult to establish without reference to their source. 

The details of the work, being simple, will be omitted; the definite integrals 
which have to be evaluated are well known and may be expressed in terms of the 
beta and gamma functions. In what follows reference is made to Pélya-Szegs, 
Aufgaben und Lehrsatze, 11, chapter VI. 
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1. The Generalized Laguerre Polynomials. 


These polynomials have the form, 
n k 
k=0 


n—k 


where a>—1 but otherwise is arbitrary and ( e ) is the coefficient of x” in 


the expansion of (1+ x)"*+*. They have the property that 


0 if m#n, 
(a) (a) 
2 L, (x)dx = 
n 


If (1) is substituted in (2) and the order of integration and summation be inter- 
changed, it will follow, after a slight reduction, that the following sum has the 
value indicated: 


— 1)#t! i 


For the ordinary Laguerre polynomials, which correspond to the case when 
a=0, the particularly simple result is obtained: 


wil k+l 0 if mAn, 


2. The Jacobi (Hypergeometric) Polynomials. 


The Jacobi polynomials may be written in the form: 


(n+a\ (n+ B\ — + 1\* 
= » — 1. 


They satisfy the following relation: 


0 if 
(4) f (1 — x)9(1 + (x) P,@(x)dx = tat 


ifm =n. 


If (3) is substituted in (4), it will be seen, after some reduction, that the follow- 
ine holds: 


kad n—k l m— 
0 if 
1 
. if n = m, 
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The case a=0, 8 = 0 is of interest, for then (5) reduces to 


n m wid n m m+tn—k—l 0 if 
(6) Cn k n—k )- (2n)! 


if m =n, 


n'2 


which is a consequence of the orthogonality of the Legendre pclynomials, when 
these are expressed in the form corresponding to (3). It will be seen in the next 
section that another formula may be obtained when the Legendre polynomials 
are written in a different form. 

If a= —}, B= —}, the Jacobi polynomials reduce to Tschebyscheff poly- 
nomials (to within a constant factor) so that (5) with these values of a, 6 is 
essentially a consequence of the orthogonality of the Tschebyscheff polynomials. 


3. The Legendre Polynomials. 


These polynomials may be written in the form: 


2n — 2k)! 
k=0 (n — 2k)!\(n — k)!k! 
If this expression is substituted in the integral, . 
0 if mA n, 
(7) f = 
if m =n, 
2n+1 


it will be seen that 
{ 0 if m #n and 


8 sr k/\l n m 


if m=n, 
2n+1 


It is clear that formulas (6) and (8), having their source in the same ortho- 
gonality property (7), are equivalent. 


4. The Tschebyscheff Polynomials. 


These polynomials are defined by the expression 


T,(x) = 


cos 28, x = cos@, 


which may be written in the form 
1 m\(k\ e(n)( — 


where & ranges from 0 to 3(m—2) if m is even or to 3(m—1) if m is odd, and where 
e(n) is zero or unity according as m is odd or even. 
When (9) is substituted in the integral, 


| = 

1 


244 CERTAIN FINITE SUMS OF BINOMIAL COEFFICIENTS [May, 


if m n, 


0 
{ 


it will be seen, after evaluating the necessary integrals and reducing, that the 
following formula holds: 


m+n+2r+2p —2k—21— 


EE 


l=0 p=0 s=0 
n 2r — 2k +20 —1 
k=Q r=0 2k r r—-k+e 


if m and m+n =0 mod 2 
U(— if n = m, 


For either m or n odd this formula obviously reduces to a fairly simple one. 
An analogous formula may be derived from the polynomials, 


sin (n + 1)6 
U,(x) = —— Tayi(x) = —— x= cos8, 
+1 sin 6 
and the integral 
( 0 if 


= 
\- — if m=n. 
2 
5. The Hermite Polynomials. 


Employing the notation of the preceding section, the Hermite polynomials 
may be written in the form: 


k<n/2 1)"/?n! 
H,(x — 1)*R! + e(n 
The orthogonality relation for these polynomials is 


2*n!\/r, if m=n 


= 


Proceeding as before the following result is obtained: 


. 
ifm=n, 
Q2n-1 
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— 
2 


(m/2)! 2 ( k k \G 
2 


(- 1)(r+m+2)/2y 
if m#n and m+2=0 mod 2 


2(n/2)!(m/2)! 
(— 


if m=n, 


In case either m or n are odd this formula obviously simplifies considerably. 


ON THE REDUCTION OF THE. GENERAL QUARTIC 
TO BINOMIAL FORM 


By RAYMOND GARVER, University of California at Los Angeles 


In a recent issue of the Bulletin of the American Mathematical Society! I 
pointed out that the quartic equation, considered from the standpoint of the 
Tschirnhaus transformation, may be said to occupy a unique position, between 
the quadratic and cubic on one hand, and the higher degree equations on the 
other. For the equations of lower degree can be reduced easily to binomial form 
by simple linear or quadratic transformations, while equations of the fifth de- 
gree and higher can be reduced to a form lacking the second, third, and fourth 
terms by a fourth degree transformation, the determination of whose coefficients 
requires the solution of no equation of degree higher than the third. A trans- 
formation of this type was first set up, for the quintic, by Bring, and later, in 
general, by Jerrard. Now these two problems, reduction to binomial form and 
removal of three intermediate terms, become equivalent for, and only for, the 
quartic equation. 

The question as to whether or not this reduction of the quartic was possible 
still remained, and seemed to be of some interest. First, the Bring-Jerrard proc- 
ess does not apply to the quartic, nor can the direct method of transforming the 
general cubic to binomial form be extended to the quartic. For it is easy to see 
that if the attempt is made to remove three intermediate terms with the aid of a 
simple cubic transformation, a sixth degree equation will be arrived at. And 
while it is true that Lagrange? was able to give an elegant proof that this sixth 


1 Vol. 33 (1927), pp. 677-680. 
2 References to Lagrange and Sylvester are given in my Bulletin paper. 
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degree equation factors as the product of three quadratics whose coefficients 
are themselves roots of cubics, it is hardly feasible to carry out this factorization 
in practice. Secondly, Lagrange’s conclusion itself was contradicted later by 
Sylvester, who said: “Five is the minimum degree of equation from which three 
terms may be removed without solving an equation above the third degree.” 
I showed, however, that Sylvester’s statement was invalidated by the fact that 
he was actually treating, in his proof, a slightly different problem than the one 
he proposed. And finally, in my Bulletin paper, I effected the reduction of the 
general quartic to binomial form by employing two successive transformations, 
properly chosen. Lagrange’s work did not go this far. 

It turns out that the matter can be treated somewhat more nicely by pro- 
ceeding indirectly. We shall start with a binomial equation, in fact, with the 
form 


(1) y$—1=0, 
and apply to it the transformation 
(2) x= Ay? + By? +Cy. 


The transformed equation is easily set up; and we shall show that it can be 
identified with the general quartic (with second term removed), 


(3) x4 + dox® + asx + a, = 0, 


by choosing properly the parameters A, B, C. This method of attack was sug- 
gested by the fact that the transformation of the Brioschi normal quintic into 
a general principal quintic is simpler than the direct transformation of the 
general principal quintic into the Brioschi form.’ A well-known solution of the 
cubic, which is due to Euler, employs the same principle. Incidentally, a point 
of interest in the method of this paper is that it leads to a convenient algebraic 
solution of the quartic equation. 

In setting up the transformed equation which results from applying (2) to 
(1) we require the values of the sums of certain powers of the roots of (1). If s; 
represents, as usual, the sum of the kth powers of the roots it is obvious that 
s,=0 unless k is a multiple of 4 and that ss=sg= - - -=4. If we sum (2) for the 
roots of (1) we then have >>x;=0, and the transformed equation thus has no 
term in x*. The coefficients of x? and x may be obtained by multiplying } 5x? and 
>>x8, respectively, by —} and —}. These summations are evaluated by squar- 
ing and cubing (2), and summing over the roots of (1). In forming x’, it is neces- 
sary to retain only the terms involving y® and y‘, since the others will disappear 
upon summing. The numerical work is thus very simple, and we find —2(B?+ 
2A C) as the coefficient of x?, and —4B(A?+C?) as the coefficient of x. 

The constant term in the transformed equation can be obtained with the aid 
of >> x,*; this would be the usual procedure. But we may also work directly from 


3L. E. Dickson, Modern Algebraic Theories, pp. 214-218, 247. 
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(2). The four roots of the transformed equation are obtained by substituting 
for y in (2) the values 1, —1, 7, —z, from (1), in succession. The constant term 
is the product of these four roots, or (A+B+C) (-A+B-—C) (—Ai—B+(i) 
(Ai—B—Ci). The first two factors give at once (B?—A?—2AC—C?), and the 
last two, (B?+A*—2AC+C?). The final product can then be put in the form 
(B?—2A C)?—(A?+C?)?. 

The transformed quartic can be identified with the general quartic (3) pro- 
vided we can solve the following system of equations for A, B, C, in terms of 
flo, A3, 


(4) 2(B? + 2AC) = — az 
(5) 4B(A? + C?) = — a; 
(6) (B? — 2AC)? — (A? + C?)? = ay. 

If we substitute for A and C from (4) and (5), (6) becomes 
(7) +- 32a.B4 + 4(a? — 4a,)B? — a? = 


This is exactly the resoivent equation which appears in Descartes’ solution of 
the quartic; it is of course solvable algebraically, and its roots may be denoted 
by B,, Bz, Bs; and their negatives. In particular, we shall satisfy (7) by taking 
B = By. 

We now note that, by (7), B?+B?+B? = —a./2, B? B? B? =a?/64. We 
may consider B; chosen so that B,B,B;= —a;/8. Equations (4) and (5), with 
B= B,, may now be written: 


(8) AC = (B? + B})/2 
(9) A? + C? = 2BzB3. 


It is not difficult to show that these equations can be satisfied by taking 


A = 3B,(1 + i) + — 3), 


(10) 
C = $B.(1 — i) + 4B;(1 + 1). 


This completes the proof that (1) can be transformed into the general quartic 
(3). It is then well known that a transformation can be set up leading in the 
opposite direction, that is, from the general quartic (3) to the binomial form (1). 
This transformation will not be valid, however, when (3) has a double root; it 
clearly could not be, since (1) does not have a double root. Except for this case, 
the explicit transformation leading from (3) back to (1) may be set up by a 
method given by Dickson‘, or by other known methods. It does not seem neces- 
sary to do this here. 

For the sake of completeness, it may be noted that while a quartic with a 
double root cannot be transformed into (1), it can be transformed into a bino- 
mial quartic whose constant term also vanishes, that is, y‘=0. For in this case 


* Loc. cit., p. 211, exercise 5. 
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the left-hand side of (3) will have a third degree factor, say P(x), which vanishes 
for all four roots of (3). Hence if we set y= P(x), the transformed equation will 
have all of its roots equal to zero. Thus any quartic can be transformed into a 
binomial quartic. 

Finally, if B= B, and the values of A and C from (10) are put in (2), and if 
the roots of (1), 1, —1, 7, —7z, are substituted successively for y, we obtain the 


four roots of (3). These can easily be put in the form: 
(11) x, = B, + Bo+ x3 = — B, + Bz — Bs, 
= B, — — Bz, x4 = — B, — Bot+ Bs. 


These values are, of course, well known, but this method of obtaining them is, 
perhaps, new. B,; may be any root of (7), Bz, may be any other root except — By, 
and then B; must be chosen so that B,B,B; = —a;/8. 


QUESTIONS AND DISCUSSIONS 
Edited by R. E. Girman, Brown University, Providence, Rhode Island. 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems especially 
new problems, which are reserved for the department of Problems and Solutions. 


A TABLE OF SINES AND COSINES 
By J. P. BALiantTiNnE, University of Washington. 


Any table of sines and cosines may be regarded as a tabulation of the values 
of sin ”6 and cos 6 for integral values of m and for some particular value of 6. 
Usually @ is chosen some integral divisor of a degree or a radian, or some other 
convenient unit. The size of the unit, as far as we know, is never determined 
with the convenience of tabulation in mind. In the present paper we introduce 
certain new units which give the tables of sines and cosines interesting and useful 
properties. 

From trigonometry we have 


(1) sin (n + 1)@ — sin (nw — = 2 cos 
cos + 1)@ — cos (m — 1)@ = — 2sin n@sin@. 

Let us, therefore, choose 6 so that 

(2) 2sin@ = (.1)*, 


where k is some such convenient number as 1, 2, or 3. Equations (1) then reduce 
to 


sin (w + 1)@ = sin (nm — 1)0 + (.1)* cos n@, 


(3 
3) cos (m + 1)@ = cos (m — 1)@ — (.1)* sin n0. 


4 
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To show how easily equations (3) make possible the extension of the table, 
let us show the computation in the case k=1. We shall tabulate cos n@ for even 
values of m and sin @ for odd values of n. 


1. = cos 06 

.05 = sin 10 (From equation (2)) 

.995 = cos 20 = cos0@— .1sinl@=1. — (.1)(.05) 
. 1495 = sin 30 = sinl@+ .1cos2@= .05 + (.1)(.995) 
. 98005 = cos 46 = cos 26 — .1 sin 36 etc. 

. 247505 = sin 50 = sin 30 + .1 cos 46 

.9552995 = cos 66 = cos 40 — .1 sin 50 

. 3430350 - - - = sin 70 

.9209960 - - - = cos 86 

.4351346 -- - = sin 96 

.8774825 - - - = cos 100 


The entries are obtained in the order given, by alternately adding and sub- 
tracting, but in each case moving one place to the right the last entry obtained 
before adding it to or subtracting it from the next preceding entry. 

Of course, after the entries have been computed as above, the sine entries 
and the cosine entries could be listed in separate columns. 

Clearly, such a table of sines and cosines could easily be computed, and each 
entry carried to any specified large number of decimal places. We do not suggest 
it as a substitute for any existing finely tabulated table in the more conventional 
units, but think it might fill a need where sines and cosines were desired out to 
more places than are in any existing tables. 

Interpolation in a table of sines or cosines constructed as we have suggested 
would be very easy, even if several orders of differences were used. Differences in 
in the cosine table would be —(.1)* times the corresponding intervening entries 
in the sine table. Second differences would be — (.1)** times the entries in the co- 
sine table, etc. Hence the formation of a table of differences would not be the 
irksome task it usually is. The successive orders of differences would fall away 
approximately k places at a time. If rapid convergence is desired, a large value 
of k should be employed. On the other hand, a large value of & necessitates a 
large number of entries in the table. 

In the case of both the sine table and the cosine table, the angular interval 


is 20. In other words, 26 is our suggested unit of angular measure. From equa- 
tion (2), 


(4) 26 
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For k=0, 20=60°, a rough approximation to a radian. As k increases, 26-10* 
approaches the radian very rapidly. This is not surprising, since a radian is so 
chosen that the derivative of the sine is the cosine, while 26 is so chosen that the 
differences of the sine are simple multiples of the cosine. For finely tabulated 
functions differences and derivative are nearly the same. 


Note by the Editor 


What unit of angular measurement would it be best to use if all trigono- 
metric computations had to be carried out to twenty (20) significant figures? 
This question is suggested by the preceding article of Professor Ballantine’s 
which may or may not therefore be regarded as furnishing an answer to it. 
Would one of Professor Ballantine’s 6 angles for some suitable value of k be a 
better unit for such extended calculation than any now in common use? 


R. E. G. 


A PECULIAR FUNCTION 
By J. P. BALLANTINE, University of Washington 
I sometimes show my beginners in calculus the following function: 
A pie reposes on a plate of radius R. A piece of central angle # is cut and 


put on a separate plate of radius 7. How large must r be? Obviously r isa 
function of @. It turns out to have the following formula: 


r=0 ¢é=0 

r = 3R sec 36 0 <ées 90° 
r = Roos 30 90° < @ < 180° 
r=R 180° < 6 S 360°. 


The function has one discontinuity at 9=0, and its second derivative has 
various discontinuities. 


Note by the Editor 


The preceding example by Professor Ballantine seems an uncommonly good 
one to use when introducing the notion of discontinuous functions to an elemen- 
tary class as illustrating how naturally such functions arise. It might be of 
considerable interest and value to make a collection of some more examples of 
this sort. Can anyone suggest another one equally simple and equally free from 
an appearance of artificiality? 

R. E.G. 
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REVIEWS 


Elements of the Differential and Integral Calculus. By W. A. Granville, P. F. 
Smith, W. R. Longley. Ginn and Company, Boston, 1929. xi+516 pages. 
$3.20. 


The reviewer of this book approached his task with great pleasure. He had 
studied Granville’s calculus in his undergraduate days and had taught the book 
in later years. We students liked the old book because of the many worked-out 
examples in the text, the answers that were given with the exercises, the many 
fine figures and curves, the systematic rules of procedure (such as the famous 
four step rule for differentiation), the many formulas that were quoted from 
earlier courses in mathematics, the large and clear print, the way important 
definitions and theorems stood out on the pages, the ease with which topics 
could be found in the book. In revising this book Professors Percey F. Smith and 
William R. Longley have retained all these good points of the older edition, have 
corrected some faults, and have added many improvements. They have prac- 
tically rewritten the whole book and yet they have not been too radical in 
their changes. For one thing they are Yale men, just as was Professor Granville, 
and they therefore have followed out his purpose more closely perhaps than an 
outsider would have done. 

We teachers of the old Granville’s Calculus liked the book for the same rea- 
sons as did the students, and also because of the large number of topics to choose 
from, because of the logical order in which the text proceeded from topic to topic, 
because of the multiplicity of problems, because the book almost taught itself in 
that a student could read any section of the text and then study the illustrative 
examples and work the assigned problems himself. Even in these particulars the 
new revision is an improvement on the old text inasmuch as the arrangement of 
the topics is greatly altered for the better. Most of the unnecessarily difficult 
problems have been omitted, more problems have been introduced from D. D. 
Leib’s Problems in the Calculus, and the sets of exercises have been better graded 
as to difficulty. We quote from the preface of this new edition: “. . . . Clearness 
and simplicity in the text, numerous illustrative examples solved in the text, a 
wealth of problems both to acquire practice in technique and to stimulate in- 
terest—these distinctive features have been retained. A change in arrangement 
is to be noted. The calculus for functions of one variable, both differential and 
integral, is developed completely. This is followed by the calculus for functions 
of more than one variable..... Some topics in the old edition have been o- 
mitted. But this is more than compensated for by the addition of several topics 
of importance and interest.” 

In this latest edition the print is even clearer and the formulas stand out bet- 
ter than in former editions. The numbering of the sections is different, some of 
them being thrown together and others changed in position. The formulas for 
derivatives are divided now into two parts, algebraic and transcendental. First 
all the derivatives of algebraic functions are taken up (with their applications to 
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rates and to maxima and minima); they are followed by successive differentia- 
tion and its application to velocities, accelerations, and curve tracing. Next the 
derivatives of transcendental functions are studied. (In this connection we 
might ask why the use of trigonometric functions in solving maxima and minima 
problems is not stressed more.) 

There follows a chapter (Chapter VIII) on “Applications to Parametric 
Equations, Polar Equations, and Roots” in which are collected discussions that 
are scattered in the earlier editions of the book. Here is introduced Newton’s 
method for finding the roots of an equation. Chapter IX deals with differentials; 
init the treatment of infinitesimals is much improved. Chapter X treats of 
curvature, radius and circle of curvature. The final chapter discusses the theo- 
rem of the mean value. This is an excellent place in the book for this discussion, 
because Chapter XII begins the study of the integral calculus in which this 
theorem plays such an important role. Less space is given to change of variables 
for derivatives. Fewer formulas are stressed in the new book; this makes for a 
less formal knowledge of the subject by the student. Asymptotes and singular 
points of curves are omitted from the book. Also ¢ is replaced by @. The authors 
postpone partial differentiation and multiple integrals until after differential 
equations; also series and expansions of functions are taken up after integration 
and its applications. 

When we come to integration, we note that on page 194 the authors collect 
together the solved problems instead of leaving them scattered. Integration by 
parts is put on page 224 and not further on with the reduction formulas. The 
topic of integration as a process of summation is placed right after the definite 
integral, these two topics not being separated from each other by a discussion 
of rational fractions, rationalization, and the reduction formulas. On page 234 
more emphasis is put on initial conditions and more examples are given under 
this heading than in the older editions of the book. More work and figures are 
given in the discussion of areas. The mean value of a function is put later with 
centroids. Simpson’s rule and the trapezoidal rule for the approximate evalua- 
tion of definite integrals are given right away instead of at the end of the book. 
Chapter XVIII is an excellent discussion of centroids, fluid pressure, and other 
allied topics, using one variable. In the older book such work was done mostly 
by multiple integration. The authors have added, on page 362, integration and 
differentiation of power series; also they give more space to approximations 
from power series. They give less space to integration by rationalization and 
by the reduction formulas, but more space to training in the use of the tables of 
integrals. In the case of series the authors introduce binomial and other series; 
also they start the discussion from the standpoint of sequences and go from 
there to series. On page 354 they give Maclaurin’s series first and operations 
with series, then Taylor’s series. This in an improvement from the viewpoint 
of the teacher. 

The new treatment of differential equations is a great improvement over 
the old; the subject matter is entirely rearranged, the discussion is less formal, 
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more stress is placed on applications to mechanics. Also the discussion of second 
order and special equations precedes that of the general equation of the mth 
order. The topic of partial differentiation is better treated than of old. Total 
differentials are discussed before total derivatives. The proof that 0?u/dxdy 
=0°u/dydx follows the formula. The authors prove the law of the mean for 
functions of more than one variable; also they put here Taylor’s and Mac- 
laurin’s series for functions of several variables. The notation |dF/dx |, is used 
instead of 0F,/dx,. Not much change is noticeable in the treatment of multiple 
integration, except a rearrangement of the material. 

The above review of the changes in the new edition will show that the book 
has been brought up-to-date and its weaknesses corrected. The original book 
was written when mathematics was still looked upon as good mental discipline. 
This attitude is not evident in the new edition. The emphasis of the older 
editions was too much on the geometrical applications of the calculus. This 
fault has been largely corrected. Students will not gather from the new book 
the false impressions we gathered from the old, namely that dy/dx was a 
derivative, but not ds/dt or dr/d@; that partial derivatives are not like ordinary 
derivatives; that the words increment, infinitesimal, and differential mean the 
same thing; that definite integrals are approximations; that every algebraic 
fraction can be split into partial fractions for the purposes of integration. 
The reviewer fears that no calculus book will ever get around the students’ 
troubles with dy/dx considered as a quotient of differentials until derivatives 
are represented by D., y/, etc. as in the English books; also that definite 
integrals will always be confusing when treated after indefinite integrals in- 
stead of vice versa; and that similarly multiple integration will always be the 
weakest spot in a calculus book until it is treated less formally. The new revision 
has removed the causes of the teacher’s criticisms of the older book, that it was 
a drill-book that got results just as cramming helps a student to pass an exami- 
nation, but after all the student did not really understand the calculus even 
though he could work the problems with facility. 

It is very refreshing to come back to this conservative calculus book brought 
up-to-date by Professors Smith and Longley, after using newer books that have 
been experimenting with other ways of teaching the subject. If the students 
can be persuaded or compelled to read the text and follow through the steps 
in the illustrative problems, the Granville-Smith-Longley Calculus will demand 
less of a teacher than a book with a briefer text and with a mixture of differ- 
entiation and integration such as many new books have. This book does not 
lead the reader up to the various ideas of the calculus in perhaps the most 
approved modern way with much fine writing; rather it uses the old fashioned 
methods of laying down definitions and proving theorems like a book on plane 
and solid geometry. It is strongly urged however that every teacher try such a 
beautifully written book as this where the ideas of differentiation and integra- 
tion, of ordinary derivatives and partial derivatives, and other such pairs of 
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ideas, are kept clearly distinct, and compare the results with those achieved 
when teaching a book where all these ideas are closely interwoven. 


ALAN D. CAMPBELL 


The Mathematics of Investment. By W. L. Hart. Revised Edition. New York, 
D. C. Heath and Co., 1929. xii+253+11 pp. 


The revision pertains to Part I, relating to compound interest and annuities 
certain, which has been entirely rewritten. The new arrangement—in line with 
the rest of the text—lends itself especially well to a choice between a “minimum 
course” and a “maximum course” (or even other “courses”). In the minimum 
course the work in annuities is restricted to those annuities where the payment 
interval is the same as the interest period. The maximum course includes 
supplementary material both in the form of exercises and chapters. The 
general treatment of annuities is postponed to a fairly late stage. A chapter 
involving a second or “re-investment” rate of interest has been added. 

Answers to the odd-numbered problems are provided with the text while 
answers to the even-numbered problems can be obtained separately. This text 
is notable for the large number of exercises included. 

C. H. ForsyTuH 


Curve piane speciali algebriche e trascendenti. Teoria e storia. Volume I—Curve 
algebriche con 122 figure illustrative intercalate nel testo. Prima edizione 
Italiana. By Gino Loria. Ulrico Hoepli, Milano, 1930. xvi+574 pp. 

The German editions (1902, 1910) of Loria’s treatise are well-known, and 
the second edition is one of the most widely used books of reference in the 
entire field of geometry. Although we are under great obligations to Teixeira 
and to Wieleitner for treatises of somewhat similar type, yet the usefulness of 
Loria’s work has not been impaired by these later publications. 

It may not be well known that the Teubner 1902 German edition of Loria’s 
treatise was the first edition, and that no Italian edition has been brought out 
until this year. This edition must be a source of great satisfaction to Professor 
Loria. 

This first volume is divided into five books, bearing the titles: 

Libro I. Luoghi piani e luoghi solidi. 

Libro II. Curve del terz’ordine. 

Libro III. Curve del quart’ordine. 

Libro IV. Curve algebriche particolari di un ordine determinato superiore a 

quattro. 

Libro V. Curve algebriche particolari di ordine qualunque. 

In general, the text bears no striking departure from the second German _ 
edition. The five books are the same, and the chapter headings are also the 
same except in book IV where there is a slight rearrangement and compression 
from seven chapters to five. As noted in the title, the figures now appear in 
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the text, a great improvement. The results of many recent investigations 
appear in this edition, including many from relatively obscure journals. In the 
reviewer's judgment the book is thoroughly up to date. There are approx- 
imately 75 additions to the index of names, bringing this to the surprising total 
of 650. The volume lacks a subject index, presumably a temporary omission 
which the second volume will remedy. 

At the risk of seeming ungracious we must note the fact that the proof- 
reading is badly done. This does not appear in the text to the extent that it 
does in the foot-notes, where the errors are even worse than those in the German 
editions. The numerical references seem to be accurate, but the titles, partic- 
ularly the English and German titles, are very inaccurate and at times gro- 
tesque. The user of this volume will find it is unsafe to use Loria’s references 
without checking them. This seems to us unfortunate. 

Despite this, we prefer to end the review with deep appreciation to the 
author for his scholarly production, and for enriching and bringing up to date 
the most useful treatise of its kind. May the second volume soon follow. 

B. H. BRown 


Plane Analytic Geometry. By N. J. Lennes and A. S. Merrill. Harper & Brothers, 

New York, 1929. xv+305 pages. $2.50. 

In this day of the multiplication of books on every subject, when, indeed, 
the aphorism of the Hebrew essayist in the biblical Ecclesiastes about the mak- 
ing of many books becomes significant, it is a considerable task to pick out 
the really superior books and say: “These are the very best available.” There 
are so many good productions, and inferior, too, each unfortunately having 
some blemish, that one wonders why it should seem necessary to continue to 
write and to print new works on old subjects. Why not do as was done with 
Euclid’s Elements: issue the same work decade after decade until the number 
of editions exceeded one thousand, and drill rising youth through the same 
work? 

But these are days of progress, wonderful progress, and better expression. 
Verily he that followeth the plow knoweth more than the bishops. 

Professors Lennes and Merrill of the University of Montana have written 
a commendable book under the title, “Plane Analytic Geometry.” Two quo- 
tations from the prefaces (permission to quote being assumed) will be in order. 
The co-operating editor, Professor Slaught, says: 

“The leaders of tomorrow in the mathematical world must come from the 
small group of exceptional pupils in our classes of today. Hence, any pedagogi- 
cal procedure that best promotes the scientific stimulation of this group, while 
by no means overlooking the welfare of the larger group of average pupils, is 
to be commended and encouraged.” 

And the authors themselves say: 

“Much has been said and written in deprecation of ‘mere memory work.’ 
But what is deprecated is not the remembering, but memorizing without under- 
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standing ---. But there is in this connection another fact which, we believe, 
is not taken into account very generally; certainly our texts make no provision 
for taking account of it. We are always forgetting; and to secure relatively 
permanent retention, a series of relearnings is necessary.” 

This text endeavors to make ample provision for this lack, and it is the opin- 
ion of the reviewer that if the teacher will faithfully make use of the opportuni- 
ties offered by this text, the purpose of the authors will be realized. In this 
connection, therefore, attention is called to the excellent arrangement of the 
material. Each topic is introduced with some word concerning the purpose of 
it, and almost uniformly throughout the book the opening sentence of the 
chapter gives a little human touch to the matter in hand, appealing to the 
reader’s intelligence and approval. For example, the opening sentence of the 
book is: 

“Analytic geometry is not merely an extension of the subject matter which 
we study in more elementary (Euclidean) geometry; it is essentially a new 
method by which algebraic equations are made to represent geometric figures.” 

Chapter three begins with this illuminating and comforting observation: 

“The main purpose of this chapter is to prove that an equation of the first 
degree in two variables is the equation of a straight line, and to study proper- 
ties of straight lines by means of such equations.” 

Scattered throughout are other equally suggestive things, such as this on 
page 90: 

“This method (referring to string method of drawing an ellipse) is sometimes 
called the gardener’s method, since it is used to trace the outline of elliptical 
flowerbeds.” 

The reviewer has noticed with amusement at times the open-mouthed atti- 
tude of students to whom he has told the same thing. 

Or, take this from page 55: “When we say that a straight line meets a circle 
in two points, the word circle must refer to a curve; otherwise the statement 
is not true.” A good thought is sown for the future. 

Commendable treatments are found at page 44, dealing with the matter 
of distance of a point from a line; at pages 126—7, referring to linear transforma- 
tions; the whole of chapter xvii, carrying the pupil through a good review of 
his work; and in the final chapter on a historical sketch. The idea of the authors 
appears to be that the intelligent teacher will make use of these supplementary 
portions as occasion arises, and not simply read the book seriatim until it is 
finished. Such a method ensures death rather than inspires with life. 

However, a fairly careful reading of the text reveals some blemishes—to 
be expected of anything human. Further editions will afford opportunity to 
remove these. The first and most objectionable is found in the diagrams of 
curves. The draftsman has not been skillful with his tools. Many of the figures 
for ellipse, hyperbola, and higher plane curves ought to be redrawn and new 
blocks made. This could be done without disturbing the body print. 

To be particular in this matter, let us call attention to instances like the 
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following: On page 67, the coaxal circles do not determine the radical points 
sufficiently accurately. On page 85, the ellipse is actually pointed, and the same 
thing happens on succeeding pages. Chapter VII throughout, except where 
the asymptotes are drawn, presents “hyperbolas” which are far from accurate. 
Tests made by laying a ruler on the page in the position of the asymptote 
will show that the curve drawn is not a hyperbola. It should have been easy 
to make a true hyperbola out of a piece of card board or celluloid, and to use 
it as a pattern in drawing the figures for the book. On page 144, the first 
and third figures for the cardioid ought to be redrawn. The same is true of 
the summation curve on page 195. On page 164, there is a poor ellipse. On 
page 222, two confocal ellipses are represented as actually parallel. 

Definitions are very important. A good definition is one which is possibly 
always ideal, that is, unattainable. As knowledge increases, the need for ex- 
tension of scope in a definition is likely to become apparent. It should never 
be necessary to cast aside a definition once adopted, and start anew: at least, 
the ideal would be to change periods into commas, and enlarge the scope of 
the definition. For example, to say that a tangent to a curve is a straight line 
which meets the curve in only one point, is an unfortunate idea to start with. 
It serves very well so long as we discuss circles; but the annoying thing about 
this definition is that it is a very one-sided affair. When the student comes to 
the consideration of cubic curves and curves of higher order, and when he 
approaches the notion of derivative in the calculus, this statement of the 
situation will not do at all. Why not, then, start right, and have something laid 
up for the future? 

The reviewer feels therefore that he ought to criticise the definition of 
tangent which the authors of this text adopt for the first statement. On page 
60 they say they will use the same definition which is common in plane geome- 
try, namely, the line which has one and only one point in common with the 
circle. Then on page 147 it is admitted that this is not adequate. It seems that 
it would be much better on page 60 to show how a secant can become a tangent, 
thus bringing out the idea of a pair of coincident points, synchronizing the 
work with the algebra which the student will be taking, or will have just 
finished, and preparing the way for further mathematics. 

Freshmen in college could make more progress than they do if fundamental 
notions were scientifically and adequately presented, and then drilled in. The 
reviewer is convinced that the American college student wastes a lot of time. 

On pege 73 the radius of a parabola is made rather indefinite. A radius is 
a radius, and nothing else. When it is variable it becomes either a vector or an 
instantaneous radius. The parabola does not have a radius. The student just 
up from his elementary work will be confused. 

This seems to be the first book offered in plane analytics where it is possible 
in any adequate manner to take care of the pupil who is able to do more than 
the average amount of work. It ought to be a splendid means for starting the 
boy or girl on the way to “honors” work in college. When we get “honors” 
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courses better established, we shall be getting closer to the English university 
system—and it is a pretty good system. The problems are copious and fine. 


F. M. McGaw 


Darstellung und Begriindung einiger neuerer Ergebnisse der Funktionentheorie. 
By Edmund Landau. 2nd Edition. Published by Julius Springer, Berlin, 
1929. 122 pp. 


This monograph, which appears now in a second edition, is a veritable mine 
of important results in the modern theory of functions of a complex variable. 
In eight chapters, it treats successively bounded power series, summability of 
higher order, converses of Abel’s theorem, peculiarities of power series on the 
circle of convergence, relations between the coefficients of a power series and its 
singularities, maxima and mean values of the modulus along circles, Picard’s 
theorem, functions with one-valued inverses. 

One of the most interesting changes in the new edition will be found in the 
chapter on Picard’s theorem. The older elementary proof of Borel is replaced 
by one based on the highly novel and extremely simple method recently given 
by Bloch. Other new material is Fatou’s theorem to the effect that an analytic 
function which is bounded within a circle approaches a limit radially except, 
perhaps, on a set of directions of zero measure, and Fabry’s gap-theorem. 

The monograph is composed in the individual, really inimitable, style 
which characterizes Landau’s publications. A minimum of initial knowledge is 
assumed of the reader. Every proof is perfectly polished and no detail of reason- 
ing or calculation is left to be filled in. No statement is made in ordinary 
language which can be made more briefly in terms of symbols. All remarks of 
motivation are made concisely, in a purely objective manner and with no 
attempt at literary effect. In this last connection, many will recall, however, 
that the pages of Landau’s Zahlentheorie are interspersed with classroom jokes. 

On starting to read anything written by Landau, one knows in advance that 
one will be able to read it successfully. There are never any snags. But it 
frequently results, from the absolute completeness of detail, that the central 
ideas of a proof do not stand out conspicuously. 

To students of analysis, or of number theory, one cannot recommend too 
highly the study of Landau’s writings, both original and expository. Their 
richness of substance, depth of scholarship and technical perfection give them 
an outstanding position in the current literature. 


J. F. Ritt 


) 
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PROBLEMS AND SOLUTIONS 


EpiTeEpD By B. F. FINKEL, Otto DUNKEL, AND H. L. OLson 
Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscripts should be typewritten, with double spacing and with margins at least one inch wide. 
PROBLEM FOR SOLUTION 


Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Monthly. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3425. Proposed by Pauline Sperry, University of California. 

Cauchy’s linear equation }\c;x"-i'D"-‘y = X(x), where the c; are constants, 
is reduced to an equation with cousant coefficients by the substitution x =e. 
Then x*D*y = }oa;) D*-iy, where Dy =dy/dz. Show that the a,“ build a sort of 


Pascal’s triangle with k elements in the & th row, in which any element of the 
k+1st row may be obtained from those in the kth row by taking the two 
numbers diagonally above it to the left and right and subtracting k times the 
former from the latter with the understanding that if either of the diagonals 
takes one outside the triangle the corresponding term is zero. 


3426. Proposed by B. C. Wong, Berkeley, California. 


1 


r\ (2r — 2i — 1)! 
Prove or disprove: ~(- = (r — 1)! 


i=0 r — 2i)! 
where t=7/2 if ris even and t= (r—1)/2 if ris odd. 
3427. Proposed by L. S. Johnston, University of Detroit. 
Let 
Sn = +1), Cake = (— 


show that the equation 


k=n 


Cy—ex*t* = 0 


k=—n 


has no negative roots, and that ithe number of positive roots is two or zero 
according as m is odd or even. 
3428. Proposed by Wm. B. Campbell, Judson College, Rangoon, India. 


A closed vessel in the form of a right circular cylinder, of radius a and height 
2h, contains liquid of volume za*k. It is rotated about a horizontal axis per- 


= 
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pendicular to the geometrical axis at the center. With a view to ascertaining 
the maximum torque, find the maximum displacement of the center of gravity 
of the liquid. 


3429. Proposed by Paul Wernicke, Washington, D. C. 


Given a tetrahedron ABCD and a point P not on one of its edges. Draw 
through P three lines, each meeting two opposite edges. Express the ratios in 
which the latter will be divided by these points of intersection in terms of 
four quantities a, b, c, d, the edge AB being divided in the ratio a:b, etc. 


3430. Proposed by Richard M. Sutton, California Institute of Technology. 

It is physically possible, given a large number of unit resistances, to make 
any resistance p/q between two points A and B, where p and gq are integers. 
The result may be accomplished by connecting in parallel g groups of  resist- 
ances each, requiring (pq) resistances. However, it is usually possible to accom- 
plish the same result by a fewer number of unit resistances. The problem is: 
“Find the minimum number of unit resistances necessary to make a resistance 
b/q between two points A and B in an electric circuit, p and gq being both 
integers.” 


3431. Proposed by W. H. Rasche, Virginia Polytechnic Institute. 

The letters a and b designate respectively two fixed, non-complanar lines, 
the angle between which is a, and the perpendicular distance between which is /; 
the letters P and Q designate two points on a third line ¢ such that the distance 
PQ is constant; moreover, points P and Q of line c move on lines a and 3, respec- 
tively. Show: (I) that the locus (relative to the frame formed by lines a and b) 
of any third point S of line c is an ellipse whose plane is parallel to lines a and 
and whose semi-major and semi-minor axes are 


— — |? nm — m)? — 1/2 (n — m)? — [2}1/2 
4 sin? a (n — m)? 2 sina 
and 
— m)?—P?  {(n — m)? — 
4 sin? a (n — m)? 2 sin a 


wherein m and m represent the linear segments QS and PS, respectively; 
(II) that the angles which lines a and } make with the semi-major and the semi- 
minor axes, respectively, are 


(3) vy = 45° — + 
and 
(4) § = 45° — #(a — B), 


wherein £ is given by the relation, 


f 
) 
t 
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(5) tan B = (m — m) cota/(n +m). 


Note: The linear segments m and / of expressions (1) and (2) are regarded 
as positive for all configurations; m in these expressions is positive or negative 
according as point S divides segment PQ externally or internally; angles 
a and 8, in equations (3), (4), and (5), are regarded as positive for all configur- 
ations; y and 6 may be either positive or negative, depending upon the position 
of point S on line c. 


SOLUTIONS 


3387 [1929, 397]. Proposed by Nathan Altshiller-Court, University of 
Oklahoma. 

With the same vertex of a given triangle as center, two circles are drawn 
respectively orthogonal to the nine-point circle and to the conjugate circle of 
the triangle. Show that the ratio of the squares of the radii of the two circles is 

Solution by Laurence Hampton, Alabama Polytechnic Institute 

Let the vertices of the given triangle be O(0, 0); A (a, 0); B(d, c); let H denote 
the orthocenter, which is the center of the conjugate circle; and let BH intersect 
the opposite side of the triangle in E. The coordinates of H are found to be 
[d, bc“(a —b) |; the radius R of the conjugate circle is defined by R?=HB-HE, 
and this product is found to be b(b—a) +0*c~*(6—a)?. Hence the equation of the 
conjugate circle is 


cC, = c(x? + y*) — 2bcx — 2b(a— d)y+abc=0. 
The equations of the nine point circle and the circum-circle are, respectively, 
= 2c(x? + — c(a+ 2b) x 


Hence 
20, 


and this says that the circum-circle is one of the coaxial system of circles 
determined by C,=0 and C,=0, and that the square of the tangent from any 
point of the circum-circle to the conjugate circle is equal to twice the square of 
the tangent from the same point to the nine point circle. There are exceptional 
cases where no real tangent can be drawn. 


Note by the Editors: The exceptional cases for which there exist no real 
tangents may be provided for in the statement of the problem by replacing the 
words “square of the tangent” by “power of the point with respect to the circle.” 
If the equation of the circle is x*+y?+Ax+By+C=0, where A, B, C are real, 
then for any point x, y of the plane the left hand side of the equation is called 
the power of this point with respect to the circle. If 42+ B?—4C>0, the circle 
is real and the power of the point with respect to it is the product of the two 


ly 


1930] PROBLEMS AND SOLUTIONS 263 


segments on any secant drawn through the point, the segments being measured 
from the point to the intersections of the secant with the circle. If the point is 
outside the circle, it is also the square of the tangent to the circle, since the two 
segments then coincide. If A?+B?—4C<0 the circle is imaginary. In this case 
the power of the point is the square of the hypotenuse of the right triangle 
with the right angle at the center (—A/2, —B/2) formed by the segment from 
this center to the point as one side and the segment of length 2-'(4C — A? — B*)!/? 
as the other side. The case for which the expression is zero is easily interpreted. 

With this interpretation of the problem the proof is easy by geometry. 
If ABC is the triangle. and if A,, Br, Cy are the feet of the altitudes meeting in 
H, then by definition the conjugate circle has the center H and the radius 
R such that R?=HA-HA,=HC:-HC,=HB-HB,. If we denote by P,» the 
power of B with respect to the nine point circle, then from certain right triangles 
in the figure we find 2P,,=BA,-BC=BC,:-BA =BH-BB,, and similar rel- 
ations for A and C. These equations are true in sign and magnitude for all 
cases. If the triangle has only acute angles, H lies within the triangle and R? 
is negative. In this case if a circle be drawn with BB, as diameter and the chord 
TT’ be drawn perpendicular to this diameter at H, then R?=HB-HB,= 
HT-HT’=—HT?*. Hence P,,=BT?=BH-BB,=2P,»,. The reasoning is 
similar for A and C. 

If the angle at C is greater than 90° then H lies outside the triangle and R? 
is positive. In this case real tangents may be drawn from A and B. If S is 
the point of tangency of a tangent from A to the conjugate circle, then Pr, 
Similarly P,,=2P,».. On the other hand 
C is within the circle (H) and CH-CC, is negative. If the chord TCT” is 
perpendicular to CH at C, then P,.=7’C-CT = —CT?=CH-CC,=CB,:CA= 
2P,.. If Cis a right angle then isa null circle and P,;.=2P,,.=0. 

Since the three circles have their centers on the same straight line we have 
more than enough to infer their linear dependence. 

Also solved by J. W. Clawson, A. Pelletier, O. J. Ramler, and William 
Hoover. 


3388 [1929, 397] (Corrected). Proposed by S. A. Corey, Des Moines, Iowa. 

Prove that, if the tenth and higher derivatives of f vanish identically, 
+f (— = 120f (0) + 30f (1) + 30f(— 1) + 640f(r) + 640f(—r) — 405f(s) — 405f 
(—s) —324f(t) —324f(—2), where i=\/(—1), r= V3, s=V/}, t= Vj, and where 
fisanalytic. It follows that when the tenth and higher derivatives are negligibly 
small the indicated relation holds approximately. 


Solution by the Proposer. 


The function f being analytic, may be written thus: 
f(x) =x9+ax8+ bx? + Whence, we get 


(1) fa + f(— i) 
(2) 30f(1) + 30f(— 1) = 
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(3) 640f(r) + 640/(— r) = 80a + 160c + 320e + 640g + 1280k, 
(4) 405f(s) + 405f(— s) = 10a + 30c + 90e + 270g + 810k, 
(5) 324 f(t) + 324f(— t) = 128a + + 288¢ + 432g + 648k, 
(6) 120/(0) = 120k» 


whence (1) = (2)+(3)+(6) — (4) —(5), as required. 

From the given relation we may deduce formulas such as the following: 
405 log (3x + 5) + 324 log (3x + 4) + log (x + 3) + 640 log 2 = 60 log (x + 2) + 30 log 
(x+1)+640log(2x+3)+729log3, approximately, (obtained by taking f(z) = 
log[V/(x+2)+z], and log(x+12) =30logx+640log(x+3) +60log(x+6) — 324 
log(x+2)—405log(x+4), (obtained by taking f(z) 
approximately, x being large enough that the sum of the omitted derivatives 
becomes small. 


3390 [1929, 448]. Proposed by Paul Wernicke, Washington, D. C. 


With the altitudes of a triangle t;=A,B;C; as sides construct a consecu- 
tive triangle ¢;,, in the series of ¢t;(---—1,0,1,---). Compare the areas of 
the triangle ¢; in the series. Under what condition does the construction become 
impossible? 


Solution by Otto J. Ramler, the Catholic University of America. 


Denote the sides of the 7th triangle by aj, b;, c;, and its area by 7;. Then, 
since its altitudes are the sides of the (+1) th triangle, we have 27; =a,ai4;= 
= CiCigns 2 = ig = digg Hence 
b;42/b;=Ci42/c;, and so alternate triangles of the sequence are similar. It 
then follows that ai4./a2=T;42/T;. Using one of the above equations to elim- 
inate the a’s from this last, we find that 7441/7;= 7 i42/Ti4:.. Hence when the 
construction is possible the areas form a geometric progression, and alternate 
triangles of the sequence are similar. 

Let c; be the side of the 7th triangle which is as small or smaller than either 
of the other two sides of this triangle. The sides of the (¢+1)th triangle are 
proportional to the reciprocals of the sides of the 7th triangle, and, hence, we 
must have 1/a;+1/b;>1/c; in order to have an (i+1)th triangle and an 
(t—1)th triangle. The construction is possible when and only when the 
smallest side of a triangle of the sequence is greater than half the harmonic 
mean of the other two sides of that triangle. 


Also solved by the Proposer. 


3392 [1929, 448]. Proposed by V. M. Spunar, Chicago, IIl. 


Two points M and N are taken on the sides AB and AC, respectively, of the 
triangle A BC; and then the point P is taken on the line MN. If these points are 
chosen so that BM/MA =AN/NC=MP/PN, find the locus of P. 


4 
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Solution by Irene Ramler, Washington, D. C. 

Let the common ratio BM: MA=AN:NC=MP:PN equal t:1. Then 
letting ABC be the triangle of reference in a system of areal coordinates, we 
find the coordinates of M, N, and P to be, respectively, (¢:1:0), (1:0:2), 

Hence the parametric equations of the locus of P are 


= 2t, x. = 1, x3 = 
Eliminating ¢, we find the equation of the locus to be x,?=4x2x3;, a parabola 
tangent to AB at Band to AC at C. The median through A is a diameter, and 
the line MPN isa tangent at P. 
Thus the parabola is not only the locus of the point P, but it is also the 
envelope of the line MPN as well. 


Note by the Editors: This system of coordinates has been used in the 
solution of other problems in this Monthly, see, for example, the solution of 
3335 [1929, 401]. It is sometimes called the barycentric system of coordinates. 
Following this order of ideas the coordinates of P are proportional to masses 
which placed at the vertices A, B, C of the triangle of reference have P as their 
center of mass. Thus the masses ¢(t+1) at N and (¢+1) at M have P as their 
center of mass. Now replace ¢(¢+1) at N by two masses at A and C whose 
ratio is 1:¢ and whose sum is ¢(t+1): they are easily seen to be / and ?. In the 
same way (¢+1) at M may be replaced by ¢ at A and 1 at B. Hence we may write 
the coordinates of P as 2, 1, ?. 

The final conclusion of the above solution suggests the idea of first seeking 
the envelope of MN. This line cuts two projective ranges on AB and AC, re- 
spectively, such that A, B, M, © is projective with C, A, N, «. Thus the 
envelope is a conic tangent to AB and AC at B and C, respectively. Since it is 
also tangent to the line at infinity it is a parabola. Conversely, if AB and AC 
are any two tangents to a parabola at B and C, any other tangent as MN cuts 
AB and AC so that A, B, M, ~ KC, A, N, ~. Hence AM:MB=CN:NA. 
Now use MN and AB as the initial tangents of the same parabola, and let MN 
be tangent at P. Then, AC being tangent at C, we have as before M, B, A, 
«AP, M, N, ©; and hence AM:MB=NP:PM. Since the three ratios are 
equal, P the point of contact of MN with the parabola is the point of the 
problem. 

This property of the parabola is useful in elementary instruction, since it 
gives a simple illustration of the construction of a curve by means of its tangents. 
The line AC is divided into » equal segments and the points of division are 
numbered consecutively from A to C. Similarly, BA is divided into n cqual 
parts and the points of division are numbered from B to A. The straight lines 
joining the points with the same numbers are the line elements of the parabola. 

Also solved by W. E. Buker, P. S. Dwyer, L. W. Johnson, J. H. Neelley, 
A. Pelletier, H. E. Schoonmaker and Paul Wernicke. 
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3395 [1929, 492]. Proposed by J. Rosenbaum, Milford, Conn. 


Given an n-gon, A,A2-:- - An, show how to locate a point X such that the 
vectors XA, XAo,---, XA, formed a closed n-gon. 
Solution 


Let V be the origin of vectors and X any other point. Then VX +XA;= VA; 
n n 
and hence nVX+>(XA;=>/VA,. A necessary and sufficient condition for 
7 i=1 


n n 


i= t=1 
Set mVB,= > VA;, where B}=A,; and B,=X. Then 
t=1 


VA mai =(m+1) VBm|+VBm. 


Hence BA my1=(mM4+1)BuBmiyi,m=1,2,---+,m-—1. If we suppose that equal 
masses are placed at the A-points, then it is clear from the formula for the 
construction of the B-points that B,, is the center of mass of the first m masses 
(m=1, 2,---,m-—1) and X is the center of mass of all the ” masses. 

Also solved by A. Pelletier. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohio. 


The Annals of Mathematical Statistics is the name of a new periodical pub- 
lished by the American Statistical Association under the editorship of 
Professor Harry C. Carver, of the University of Michigan. It is a quarterly jour- 
nal devoted to the theory and applications of mathematical statistics. The 
first issue appeared in February. The Journal of the American Statistical 
Association will continue to be the official journal of that organization, but 
articles involving advanced mathematics will be published in the Amnals 
rather than in the Journal. The Annals will deal not only with the mathe- 
matical technique of statistics but also with the applications of such technique 
to the fields of astronomy, physics, psychology, biology, medicine, education, 
business, and economics. An announcement in the first issue says: “The edi- 
torial policy will be to select articles that will best meet the needs of the time. 
There can be no questioning the statement that at the present time there are 
in this country many more who need stimulation in the fundamentals of 
mathematical statistics than there are individuals whose prime interest is the 
advancement of statistical theory. Therefore particular stress will be laid on 
articles of a fundamental nature during the first few years of the life of the 
Annals.” 


> XA;=0 is nVX=>DVA,. 
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The Franklin Institute has awarded a medal to Sir William Bragg, 
director of the Davy-Faraday Research Laboratory of the Royal Institution 
of Great Britain, in recognition of his contributions to the knowledge of 
atomic structure. 


The Rockefeller Institute has given funds to endow a new institute of 
mathematics at the University of Géttingen. It will be directed by Professor 
R. Courant. 


Professor R. W. Babcock, head of the department of mathematics at De- 
Pauw University, has been appointed dean of the division of general science 
of the Kansas State Agricultural College. 


Assistant Professor F. R. Bamforth, of Cornell University, has been ap- 
pointed assistant professor of mathematics at the Ohio State University. 


Professor J. W. Barker, of Lehigh University, has been appointed dean of 
the faculty of Engineering of Columbia University. 


Dr. O. E. Brown has been appointed associate professor of mathematics 
at Lawrence College. 


Professor H. M. Dadourian, of Trinity College, is on leave of absence dur- 
ing the present semester. He is spending the time in Europe. 


Dr. Lincoln LaPaz, of the University of Chicago, has been appointed 
assistant professor of mathematics at the Ohio State University. 


Professor Cassius J. Keyser, of Columbia University, delivered a lecture 
at the New Jersey College for Women, Rutgers University on January 7, 1930. 
His lecture dealt with the meanings of the terms Mathematics and Science. 


Associate Professor J. H. Neeley has been promoted to a professorship in 
mathematics at the Carnegie Institute of Technology. 


Dr. Tibor Radé, of the University at Szeged, Hungary, has been appointed 
professor of mathematics at the Ohio State University. Dr. Rad6 was visiting 
lecturer at Harvard University during the first semester of this year, and is 
lecturing at Rice Institute during the present semester. 


The following courses in mathematics are announced for the summer of 
1930: 

Stanford University, June 19 to August 30. In addition to the usual courses 
in calculus and differential equations, the following advanced courses will be 
given: By Professor Harald Bohr (University of Copenhagen): Theory of 
functions of a complex variable (and another course to be decided upon later). 
By Associate Professor Harold Hotelling: Probability and statistics. 


University of Texas, first term, June 10 to July 19; second term, July 21 
to August 29. In addition to freshman courses, both terms, the following courses 
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are offered: First term—By Professor R. L. Moore: Foundations of geometry; 
Theory of sets. By Professor E. L. Dodd: Mathematical statistics; Almost 
periodic functions and generalized Fourier series. By Professor A. E. Cooper: 
Advanced calculus. By Professor P. M. Batchelder: Teaching problems in 
mathematics; Difference equations. By Professor Mary E. Decherd: Calcu- 
lus. Second term—By Professor H. J. Ettlinger: Differential equations; 
Ruler and compass constructions. By Professor R. G. Lubben: Non- 
Euclidean geometry; Functions of real variables. By Professor H. V. 
Craig: Advanced calculus; Vector analysis. By Mr. C. W. Vickery: Calculus. 


University of Vermont. By Professors Bullard, Butterfield, and Millington: 
Courses in algebra, plane trigonometry, solid geometry, differential and integral 
calculus, and differential equations. 


Professor G. W. McCoard, of the department of mathematics of the Ohio 
State University, died on March 19, 1930 at the age of 80. He had taught in 
this department for forty-eight years. 


Associate Professor E. A. Pattengill, of Iowa State College, died on Feb- 
ruary 10, 1930 at the age of 55. 


THE INFORMATION BUREAU FOR APPOINTMENTS 


Members of the Association are reminded that the Association maintains 
an office for supplying information with regard to men and women available 
for appointment to college positions in mathematics. This office does not handle 
detailed recommendations, after the manner of a teacher’s agency, but supplies 
certain essential facts with regard to each candidate, together with the name of 
a sponsor from whom further information about him can be obtained. The 
aim is to keep the files as complete and up-to-date as possible. To this end, 
candidates for appointment, especially candidates for a first appointment, 
are invited to put their names on record with the office and departments in 
search of instructors are urged to avail themselves of its facilities. There is 
no charge for its services, either to department or to candidates. Registration 
blanks and information may be obtained from Professor H. W. Kuhn, Ohio 
State University, Columbus, Ohio. 


= 


IMPORTANT NEW TEXTS ~« 


MODERN GEOGRAPHY, By Roger A. Johnson 


This book is designed for use as a text for college students, and especially for those who 
are planning to become teachers of high school mathematics. It provides a thorough 
introduction to the geometry of the triangle and the circle. The first part of the book 
develops a number of basic methods and principles, including the theory of inversion 
and the properties of coaxal circles, as well as a general theory of similar figures. The 
geometry of the triangle is then taken up in detail, and all the more important notable 
points and circles are discussed. While there are full proofs of all leading theorems, 
many of the corollaries, extensions, and applications are left to be worked out inde- 
pendently by the reader. Every exercise has some direct bearing on the general theory. 

$3.50, postpaid. 


AN INTRODUCTION TO MECHANICS, By John W. Campbell 


The distinctive purpose of this book is to provide an introductory text which will 
present a coherent and logical development, and which will keep Newton's laws and 
other fundamental principles in evidence throughout. It presupposes no previous 
knowledge of mechanics, but rather builds a theory entirely independent of mechanical 
theory obtained from other sources. Calculus methods are used throughout-and funda- 
mentally correct ideas and sound methods are developed from the beginning. 


$3.50, postpaid 


NUMERICAL TABLES OF HYPERBOLIC AND OTHER FUNCTIONS, By 
John W. Campbell 


An important contribution to mathematics materials. $1.25, postpaid 


FOUR PLACE TABLES OF LOGARITHMS AND TRIGONOMET- 
RIC FUNCTIONS, By Edward V. Huntington 


The chief features of these Tables are:—the decimal division of degrees instead of 
the cumbersome minutes and seconds; the ingenious marginal tabs which make possible 
quick and accurate reference; the aids to interpolation in the tables of tenths of tabular 
differences given at the end of each line; the special tables for small angles; the ready 
legibility of the figures themselves. Much auxiliary material is included. 

75 cents, postpaid 


ELEMENTARY THEORY OF FINITE GROUPS, By L. C. Mathewson 


An elementary text, suited to graduates beginning the subject or to advanced under- 
graduates. The presentation is largely by proposition and proof, thus providing the 
student with definite facts. In proofs two methods are frequently employed,—the 
reduction ad absurdum and the quotient—group theory. The book is provided with 
carefully selected exercises for classroom use. The author is Assistant Professor of 
Mathematics at Dartmouth College. His text appears under the editorship of Dr. J. W. 
Young. In press 
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K & E Slide Rule in College Mathematics 


The Slide Rule as a check in Trigonometry is now regu- 
larly taught in colleges and high schools. Our manual 
makes self-instruction easy for teacher and student. 
Write for descriptive circular of our slide rules and for 
information about our large Demonstrating Slide Rule 
for use in the Class Room. 


KEUFFEL & ESSER CO. 


NEW YORK, 127 Fulton Street General Offices and Factories, HOBOKEN, N. J. 
CHICAGO ST. LOUIS SAN FRANCISCO MONTREAL 
516-20 S. Dearborn St. 817 Locust St. 30-34 Second St. 5 Notre Dame St. W. 


Drawing Materials, Mathematical and Surveying Instruments, Measuring Tapes 


“SS I N I 99 INTERNATIONAL REVIEW OF SCIENTIFIC SYNTHESIS 
E A Published every month (each number containing 100 to 120 pages) 
Editor: EUGENIO RIGNANO 


IS THE ONLY REVIEW the contributors to which are really international. 
IS THE ONLY REVIEW that has a really world-wide circulation. 


IS THE ONLY REVIEW of scientific synthesis and unification that deals with the fundamental 
questions of all sciences: the history of the sciences, mathematics, astronomy, geology, physics, 
chemistry, biology, psychology and sociology. 


IS THE ONLY REVIEW therefore which, while immediately interesting students of mathematics, 
astronomy, astrophysics and physics by its numerous and important articles and reports relating 
to these sciences, presents them also the means of knowing, in a summary and synthetic form, 
the chief problems of all the other branches of knowledge. 


IS THE ONLY REVIEW that among its contributors can boast of the most illustrious men of 
science in the whole world. A list of more than 350 of these is given in each number. 


The articles are published in the language of their authors, and every number has a supplement con- 
taining the French translation of all the articles that are not French. The review is thus 
completely accessible to those who know only French. Write for a free copy to the General 
Secretary of “Scientia,” Milan, sending 12 cents in stamps of your country, merely to cover 
packing and postage. 


SUBSCRIPTION: $10, post free OFFICE: Via A. DeTogni Milan (12) 
General Secretary: Dr. Paoto Bonett1 


Publishers: G. E. STECHERT & CO., New York; DAVID NUTT, London; FELIX ALCAN, Paris; 
AKAD. VERLAGEGESELLSCHAFT, Leipzig; NICOLA ZANICHELLI, Bologna; RUIZ HER- 
MANOS, Madrid; RENASCENCA PORTUGUESA, Porto; THE MARUZEN COMPANY, 
Tokyo. 


SNEPP’S 
TRIGONOMETRY 


‘It contains much matter that is entirely new in a text book on 
Trigonometry and new points of views of much that is not new.” 


Thus comments its first reviewer who qualifies as the guide of 
the mathematical destinies of the university where attached and 
who adds: “I found the treatment of the subject very interesting 
and very good mathematically.” 


The work is illustrated by more than eighty geometric figures 
and many problems solved and proposed. 


Inquiries Invited. 
Fabricoid—Pages 8 plus 196. Single copy $3.00 


The Montgomery Publishers Association 
7 East Fourth Street : Dayton, Ohio 


The Fourth 
Carus Mathematical Monograph 


ke CARUS MONOGRAPH COMMITTEE is pleased to announce that the 
fourth number has been published and is ready for distribution. The 
title of this Monograph is ‘‘Projective Geometry” by Professor JOHN W. 
YounG of Dartmouth College, now President of the Association. The 
preceding numbers are: (1) ‘Calculus of Variations’ by Professor Git- 
BERT A. Buiss; (2) “Analytic Functions of a Complex Variable” by Pro- 
fessor Davip R. Curtiss; (3) “Mathematics of Statistics’ by Professor 
HENry L. RIETZ. 


The price of these Monographs is $1.25 to institutional and individual 
members of the Association when ordered directly through the Secretary, 
one copy to each member; this is the bare cost of production. The price to 
all non-members of the Association and for all quantity orders for class use 
is $2.00 per copy, obtained only through the Open Court Publishing Com- 
pany, 339 East Chicago Avenue, Chicago, Illinois, distributors to the 
general public of Association publications. 
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CONTENTS 


The December Meeting of the Maryland-Virginia-District of Columbia 
Section. By EDGAR W. WooLarRD 209 
The March Meeting of the Southern California Section. By P.H.Daus 210 
Present Tendencies in Projective Geometry. By E. P. LANE 212 
On the History of Determinants. By G. A. MILLER 216 
A Mathematical Theory of the Transmission of Successive Impulses 
Through a Muscle. By H. E. BucHANAN 219 
Infinite Series Formed by Associating the Terms of a Series of Functions 
with the Points of a Sequence. By NORMAN MILLER 224 
A Note on Matrix Power Series. By I. M. SHEFFER 228 
Graphical Integration of Differential Equations in a Polar Coordinate 
System. By E. A. KHOLODOVSKY 231 
An Unusual Use of the Nodal Cubic ina Plane. By Bessie I. MILLER 240 
On Certain Finite Sums of Binomial Coefficients and Gamma Functions. 
By MIGUEL i1. BAsoco 241 
On the Reduction of the General Quartic to Binomial Form. By RAYMOND 
GARVER. 245 
QUESTIONS AND Discussions: “A table of sines and cosines,” by J. P. 
BALLANTINE; “A peculiar function,” by J. P. BALLANTINE. 248 
RECENT PUBLICATIONS: New Books Received. Reviews by ALA AN ‘D. 
CAMPBELL, C. H. Forsytu, B. H. Brown, F.M. McGaw, J.F.Ritr 251 
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DIRECTORY 


EDITORIAL CORRESPONDENCE should be addressed to the Eprtor-1n-Cuter, W. H. 
Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 


BOOKS FOR REVIEW should be sent to R. A. Jounson, Hunter College, New York, 
N. Y 


BUSINESS CORRESPONDENCE should be addressed to the SECRETARY-TREASURER of 
the Association, W. D. Carrns, Oberlin, Ohio. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Fourteenth Summer Meeting of the Association, Providence, Rhode Island, Sept. 8-9, 1930. 


The following is a list of the sections of the Association, with dates of those section 
meetings which have been scheduled for 1930. 
Iturnors, Lake Forest, Ill., May 2-3. 
INDIANA, Earlham College, May 2-3. NeEsRASKA, Peru, Neb., May 9. 
Iowa, Ames, Iowa, May 2-3. Ouro, Columbus, Ohio, April 3. 
Kansas, February 15. PHILADELPHIA, Philadelphia, Pa., November 
Kentucky, Lexington, Ky., April 5. 29. 


Cleveland, Miss., Mountain, Denver, Colo. April 


March 7-8. 
MARYLAND-DistrIcT oF COLUMBIA-VIRGINIA. SouTHEASTERN, Atlanta, Ga., May 2-3. 
SOUTHERN CALIForNIA, University of South- 


lifornia, Los Angel lif., 
Micuican, Ann Arbor, Mich., March 22. 


Minnesota, Carleton College, May 17. TEXAS. 


AFFILIATED ORGANIZATIONS: THE NEw ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS. 
THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS. 
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THE MATHEMATICAL ASSOCIATION OF AMERICA 


The following twenty-nine persons and one institution have been elected to 
membership in the Association on applications duly certified: 


To Individual Membership 


F. J. ABERLE, Senior, Carnegie Inst. of Tech. 

Ita Maup Arnett, A.M. (Kansas). Instr., 
Central Acad. and Coll., McPherson, 
Kans. 

N. H. Batt, B.S. (Mass. Inst. Tech.). Half- 
time Instr., Mass. Inst. of Tech., Cam- 
bridge, Mass. 

Pror. H. R. BeveripGe, Ph.D. (Illinois). 
Monmouth College, Monmouth, III. 

W. A. Bristot, A.M. (Pennsylvania). Instr., 
Univ. of Pennsylvania, Philadelphia, Pa. 

GERTRUDE L. BrRocKETT, Senior, Oberlin Col- 
lege. 

Pror. C. W. Bruce, A.M. (Virginia). 
leyan College, Macon, Ga. 

Asso. Pror. Scott BucHANAN, Ph.D. (Har- 
vard). Philosophy, Univ. of Virginia, 
University, Va. 

S. S. Carrns, A.M. (Harvard). 
Univ., New Haven, Conn. 

G. C. CAMPBELL, A.B. (Indiana). Grad. Stu- 
dent and Asst., Univ. of Iowa, Iowa City, 
Iowa. 

Asst. Pror. J. W. CELL, A.M. (Illinois). School 
of Engineering, Southern Methodist Univ., 
Dallas, Tex. 

(Mr.) Mannis CuHarosn, B.S. (C.C.N.Y.). 
Teacher, New Utrecht High School, 
Brooklyn, N. Y. 

W. R. Cuurcn, A.B. (Amherst). Grad. Stu- 
dent, Univ. of Pennsylvania, Philadelphia, 
Pe. 

O. C. Cotiins, M.A. (Oxford). 
of Nebraska, Lincoln, Nebr. 

Mary Louise Constas_eE, A.M. (Pennsyl- 
vania). Teacher, Girls High School, 
Philadelphia, Pa. 

EL1zABETH M. Cooper, A.M. (Bryn Mawr). 
Grad. Student and Asst. Instr., Univ. of 
Illinois, Urbana, III. 

J. J. Coriss, A.M. (Mississippi). Instr., Univ. 
of Michigan, Ann Arbor, Mich. 

H.L. Senior, Hobart College, Geneva, 
¥. 

Asso. Pror. E. P. R. Duvat, A.M. (Harvard). 
Univ. of Oklahoma, Norman, Okla. 


Wes- 


Instr., Yale 


Instr., Univ. 


B. D. Fiynn, A.M. hon. (Trinity). Secretary 
and Actuary, Travelers Ins. Co., Hart- 
ford, Conn. 

J. H. Herremers, A.B. (Alberta). 
Concordia College, Edmonton, 
Canada. 

R. C. Hitpner, B.S. (Wooster). Grad. Asst., 
Ohio State Univ., Columbus, Ohio. 

W. R. Hottoway, Prin. of High School, Basco, 
Ill. 

Asst. Pror. F. F. Hotmes, A.B. (Amherst). 
Norwich Univ., Northfield, Vt. 
SoLomon Hurwitz, A.M. (Columbia). 
Townsend Harris Hall 

Bronx, N. Y. 

V. F. Ivanorr, Grad. Imperial Engg. School. 
Architectural iron mechanic, San Fran- 
cisco, Calif. 

W.L. Kicutine, M.S. (Lehigh). Instr., Lehigh 
Univ., Bethlehem, Pa. 

Asst. Pror. J. D. Leita, A.M. (Columbia). 
Univ. of North Dakota, Grand Forks, 
N. D. 

Mrs. FRANCEs R. LeEpowsky, A.B. (Hunter). 
Grad. Student, Coll. of the City of New 
York; Subst., James Madison High School, 
Brooklyn, N. Y. 

RicHMOND W. LoncLey, A.M. (Harvard). 
Instr., Hobart College, Geneva, N. Y. 
Joanna I. Mayer, A.M. (Marquette). Head 
of Dept., Marymount College, Salina, 

Kans. 

Janet McDona_p, A.M. (Tulane). Teacher, 
Mississippi Synodical College, Holly 
Springs, Miss. 

Asst. Pror. L. H. 
souri). 
Wash. 

Pror. H. A. Meyer, Ph.D. (Iowa). 
College, Hanover, Ind. 

Pror. Dora Ramos, A.M. (Columbia). Poly- 
technic Inst. of Porto Rico, San German, 
Porto Rico. 

H. E. Riter, M.A. (Manitoba). Math. Mas- 
ter, Provincial Normal School, Winnipeg, 
Man., Canada. 


Instr., 


Alta., 


Instr., 


High School, 


McFartan, Ph.D. (Mis- 
Univ. of Washington, Seattle 


Hanover 
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